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Characteristic polynomials of some algebraic
graphs
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Abstract

The zero divisor graph I'(R) of a commutative ring R is a graph whose vertices are non-zero zero divisors of R
and two vertices are adjacent if their product is zero. The characteristic polynomial of matrix M is defined as
|AI — M| and roots of the characteristic polynomial are known as eigenvalues of M. We investigate eigenvalues
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1. Introduction

The concept of zero divisor graph of commutative ring R
was introduced by Beck [5] in 1988. In last two decades the
zero divisor graph is extensively studied by many researchers
[2-4, 8, 9]. For any matrix M, the characteristic polynomial is
defined as |AI — M| and roots of the characteristic polynomial
are called eigenvalues of M. The concept of energy of graph
was introduced by Gutman [6] in 1978. The study of energy of
zero divisor graph was first initiated by Ahmadi and Nezhad
[1] for the ring Z, for n = p? and n = pq, where p and g are
distinct primes. The adjacency matrix and eigenvalues of the
zero divisor graph I'(Z,) for n = p? and n = p?>q was studied
by Reddy et al. [10].

In this paper, we study the energy and characteristic polyno-
mial of zero divisor graph I'(Z,) for n = p* and zero divisor
graphs obtained from direct product of rings. Throughout this
paper we consider the commutative ring R with unity. If R is
aring then Z(R) and Z*(R) denote the set of zero divisors and
set of non-zero zero divisors of the ring R respectively. The
zero divisor graph of a ring R, denoted as I'(R), is a graph

whose vertices are the non-zero zero divisors and two ver-
tices are adjacent if and only if their product is zero. We use
M(I'(R)) to denote the adjacency matrix of I'(R) and E(T'(R))
for the energy, defined as sum of modulus of eigenvalues of
graph, of I'(R) and the matrix with all entries 1 will be denoted
as J.

2. Main Results

Proposition 2.1. [7] Let M = [é, g} be any matrix. Then

M| = |A||D—CA™'B]

Theorem 2.2. Let n = p* with p any prime. If A is any
nonzero eigenvalue of T'(Zy) then,

AB=22(pPP=1)=2p2(p— 1)+ (p—1) =0

Proof. Let n = p*. Then the set of non-zero zero divisors
of Zy is Z*(Z,) = {p,2p,3p,...,(p> — 1)p}. We partition
the set Z*(Zy) as Z*(Zy,) = AUBUC, where A = {kip| k| =
1,2,3,....p° —land ptki}, B= {kop?| kp = 1,2,3,...,p* —
land ptky} and C = {ksp?| k3 = 1,2,3,...,p — 1}. Then
|A| = p* — p?, |B| = p*> — p, and |C| = p— 1. Since the el-
ements of A and B are not adjacent, we get the zero matri-
ces of order p3 — p?, (p3 - p2) X (p2 fp) and (p2 fp) X
(p? — p?). As the elements of A and C are adjacent implies
we get a matrix of ones of order (p* — p?) x (p—1). Sim-
ilarly we get the matrices corresponding to B & B, B & C,
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C & A,C & C. Hence we get the adjacency matrix by consid-
ering the elements of A first, then B and then C as

J
J
T (pr-1yx 1)

where O is the zero matrix and J is the matrix of ones. Let A

<~ <O

be any eigenvalue of M (F(Zp4)). Then
AI-0] O J
AI-M|=| o0  [AI-J] T |=0
J J A=)
[AI—-0] o }
LetT) = {
0 [AT=J] (PP—p)x(p*~p)
L= [ —p)x(p-1)» B3 =[] (p-1)x(p2—p) and
L= M= I)p-1)x(p-1)

Then by Proposition 2.1, [M — Al| = |Ti||Ty — T:T; ' T»| = 0.

Now by straight forward calculation we get |T}| =

2 (2= (12 =)
" 0

(»* *p)l*p (p—1)°
-y )<
=22 (PP =1) A2 (p=1)*+p* (p-1)°
A(2=(r*-p))
Hence |M —Al| = |T1||Ts — BT, '] =
3 3_p2(p2— ) —1)3
<)L" —-p-1 (/l— (pz_p))) (;U»—z (/l —A%(; lleppgl pl))) P (p-1) )) _
0

and T37,'Th = (

Therefore |1, — T57, ' 15| = A7~2 (

Thus characteristic polynomial is

A (2= 22 (1) = AP (p =1+ P (p —1)3):o
Hence we get A> — A% (p? — 1) —Ap* (p— 1) > +p* (p—1)° =
0 for any non zero eigenvalue A of M ( (Zp4)). O

Theorem 2.3. Let 7, x Z,, be a ring with p be any prime then
E((Zp x Zp)) =2(p—1).

Proof. Being Z, X Z,, ring, Z, has no non-zero divisor im-
plies Z*(Z, x Z,) = AUB, where A = {(0,kp) |k =1,2,3, ...,
p—1}and B= {(kp,0) [k =1,2,3,4,...,p— 1}, moreover
|Z*(Zp x Zp)|=2(p—1),]A| = p—1and |B| = p—1. Since
every element of A is adjacent with every element of B, we get
the matrix M| with all entries ones of order (p— 1) x (p—1).
Hence we get the adjacency matrix by considering the ele-
ments of A first and then B as
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0 0 O 01 1 1 1
0 00 01 1 1 1
00 0 1 1 1 1
Al(F(ZP><ZP)):: 1 1 1 1 0 0
111 1 00O 0
111 - 100 0 - 0
then by simple calculation we get A —M(I'(Z, x Z,))| =
A 0 o - 0 -1 -1 -1 - -1
0 A o - 0 -1 -1 -1 .- =1
0 0 0 - A -1 -1 -1 - —1f_,
-1 -1 -1 - =1 24 0 0o - 0]
1 -1 =1 -+ =1 0 A2 0 - 0
11 S1 0 210 0 0 - 4

M= M(D(Z, % 2,))| = 227 (22 = (p=1)*) =0
S A=0,p—1,—(p—1). Now the energy of I'(Z, x Z},) is
given by

2p—2

Y A

i=1

ET(Zp xZp)) =

E[(ZpxZp)) =2(p—1)

O

Theorem 2.4. Let Z, X Z,, be a ring with p be any prime. If
A is any non-zero eigenvalue of the adjacency matrix

M (F (Zp X Ly ) then A satisfies the equation A* + 13 (p —
D+22(2(p=1°) +2 (p(p— 1) +p(p—1)° =0.

Proof. Let Z, X Z,,» be a ring. Note that Z, has no non-
zero zero divisor and in Z, the non-zero zero divisors are
multiples of p. Hence Z* (Z,, X sz> =A1UAUA3UA,
where Ay = {(x1,kp) |x1 € Z), & k=1,2,3,....,p— 1}, Ay =
{(0,x2) |xp € Z;z}, Az = {(x1,0)|n1 € Zy} and

Ay ={(0,kp) |k=1,2,3,...,p—1}.

Then |A1| = (p—1)?, [A2]| = (p* = p), [As] = (p—1), |A4]
= (p—1). Since no element of A is adjacent with element of
Ay, As and A3, we get the zero matrices of order (p — 1)? x
(p—1)% (p—1)* % (p*—p) and (p—1)* x (p—1) respec-
tively. Also we get zero matrices corresponding to A, and
As;A3 and Az; and A, and A4. And every element of A is
adjacent with every element of A4 implies we get a matrix of
order (p — 1) x (p — 1) whose all entries are ones. Similarly
we get matrices of ones corresponding to A4 and As; and A3
and A4.

Hence we get the adjacency matrix by considering the ele-
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ments of A; first, then A,, then A3 and then A4 as

0O 0 0 R
O O R O
O RY O R;
Rl O R, R4

M (Z, x sz)) =
where O is the zero matrix and R; is the matrix of ones for
i=1,2,3,4.

Let A be any non-zero eigenvalue of M(I'(Z, X Z,2)),
then

Al O O Ry
0O AM R o

M-MEE <= o gr 37 k|0
Rl 0 RY AI-R4
_ |0 R
LetTy =AL T, = R 0 :|
T3— |:_R1T 0 ] andT4_ |:—R:7; AI—R4
" n D
Then by Proposition 2.1 [Al —M(I(Z, X Z,))| = T
3 1a

=|T1||Ty — T3T; ' | = 0.

Since T; is a scalar matrix of order (p — 1)(2p — 1), we get

|Ty| = AlP=D@p=1),
P-p
Ad T = | 2 (701)2
0 ”TJ
Al— 2 0
So Ty — BT, ' 1| = (p—1)?
o (A=D1t
AP L A3 (p—1)+A22(p— 1)) +A(p(p—1)?)

+p(p—1)°).

Therefore A1 —M(I'(Zy X Z,2))| = APCP=D=S (U4 L A3 (p—
D+A22(p=1)°)+A(p(p—1)°) +p(p—1)°) = 0 which
is the characteristic polynomial of I'(Z,, x sz).

Since A #0, we get A*+ A3 (p—1)+A22(p—1)*) +

Ap(p—1))+p(p—1)°)=0
O

Theorem 2.5. Let Z, X Zpy be a ring with p, q be distinct
primes. Then the spectra of zero divisor graph of Z, X Ly is
Spec(I(Zp X ZLpq)) =
0 3(p=1)(-1£v4¢=3) X
(p—1D(p+29—3)+2p+q—9 1 1
Jor i = 1,2.3,4, where A; is the solution of the equation
14—11(17— 1)2—12(217(17— D(g—=1))+2A(p—1)*(g—1)+
(p—1)*(¢g—1)"=0

Proof. Let Z, X Zpq be a ring with p, g be distinct primes.
Note that the set of zero divisors of Z, X Zp, is given by
Z*(ZP X qu) =A|UAyUA3 UA4 UA5UAg, where A| =
{(x1,k1p) |1 €2, & k1 =1,2,3,...,g—1}, A2 ={(0,x2) |2 €
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Z,,, and xy is non zero divisor Az ={(x1,k2q) |x1 € Zy&ky=
1,2,3,....,p— 1}, A4 = {(0,kpq) |kp = 1,2,3,...,p— 1}, As =
{()C],O) ‘nl € Z;} and Ag = {(Oaklp) |k1 = 152337"'7‘]7 1}
Then [Ai[ = (p—1)(g— 1), |A2] = (p—1)(g — 1), |A3| =
(p— 1% A4l = (p— 1), lAs] = (p— 1), & Ag] = (g 1).
Since all the elements of A; is adjacent with all the elements
of A4, we get the matrix of ones. Similarly we get the matrices
of ones corresponding to Ay & As5;Az & Ag;As & As;Aq & Ag;
and A5 & Ag. As no element of A; is adjacent with element of
Ay, Az, Az, As, Ag, we get zero matrix. Similarly we get the
zero matrices corresponding to rest of the pairs.

Hence we get adjacency matrix of zero divisor graph of
7, x Lpq by considering A first, then Aj, then A3, then Ay,
then As and then Ag as M(I'(Z, x Zpq)) =

[O)p—1)(p+20-3)x(p-D)(pr2g-3) | S1)p-1)

(1) 2p+g-3) % (p—1) (p+29-3) ‘
,where O is the zero matrix of order (p —

(p—1)(p+2q—3)and

(p+29=3)x(2p+q=3)
[SZ}(2p+q73)><(2p+473)
1)(p+2g—3) x

J 0 O o J J
Si=10 J O |S=|J 0 J
o 0 J J J O
Let A be any non-zero eigenvalue of M(I'(Z, x Z,,)),

then (A1 —M(I'(Zy, X Zpq))| =0

NowletT) =AI—-0, 1, =8, 15 = S{ and Ty = A1 — S5.
Then by Proposition 2.1 | A1 — M(T(Z, X Z,))| = ? ? =
3 1Ig

|T\||Ty — T:T, ' 12| = 0.

Since Tj is a scalar matrix of order (p —1)(p+2g —3), we

get |Ty| = AP~ 1(P+24-3)  And

—1)(¢g—1

(p A(q )J 0 0
T ' T = 0 bl o

1) 19) (P;LI)ZJ
and |Ty — 3T ' | = A2PH2(A2 + A (p—1) — (p—1)?

(61*1))(14*/13(17*1)*/12(217(17*1)@*1))+7L(p*1)3
(a—1D+(p—1D*g—1)).
Therefore [AI — M(T'(Z,, prq))| )(p+2q=3)+2p+q-9
(A2 +A(p—1)—(p—1)° (- ))( ( 1)—2A%(2p
(p=1)(g=1))+A(p=1)*(g=1)+(p —1)( —1)?) which
is characteristic polynomial. Hence the proof. O

Theorem 2.6. Let 7, X 7,5 be a ring with p be any prime. If
A is any non-zero eigenvalue of the adjacency matrix

M (U (Zy x Z,3)) then A satisfies the equation A3 (p—
D=22(p(p=17) <A (p(p= 1+ (p+ (P ~p+ 1)+
Pr(p—1)°(2p—1)=0.

Proof. Let Zy x Z,3 be aring. Note that Z,, has no non-zero
zero divisor and in Z 3 the non-zero zero divisors are multi-
ples of p and p?.

Z*(Zp X Zps) =A|UAyUA3UA4 UA5UAg, where A| =
{(0,x2) |x2 € Z;3 and x is non zero divisor }, Ay =
{(xl,kzpz) x| € Z; &k =1,2,3,...,p—1} A3 =
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{(x1,k1p) Ix1 € Zy & ky =1,2,3,...,p* = land ptki }, Ay =

{(x1,0) |x; € Z}, As ={(0,k1p) [k =1,2,3,...,p* =l and pt
ki} and Ag = {(0,k2p?) [ky = 1,2,3,...,p—1}.
Then [A;| = p*(p— 1), |A2| = (p—1)%, |A3| = p

(p— 12 [Asl = (p—1), As| = p(p—1), & Ag| = (p—1).
Since all the elements of A; is adjacent with all the elements
of A4, we get the matrix of ones. Similarly we get the ma-
trices of ones corresponding to Ay & As, Ay & Ag, Az & Ag,
Ay & As;Aq & Ag; and As & Ag. As no element of A is adja-
cent with element of A, Ay, Az, As, Ag, We get zero matrix.
Similarly we get the zero matrices corresponding to rest of
the pairs.

Hence we get adjacency matrix of zero divisor graph of
Zp X Zpq by considering Ay first, then Ay, then A3, then Ay,
then As and then Ag as M(I'(Z, x Z,q)) =

[0](p-1)2p-1)x (p-1)2p-1) | [St](p-1)2p-1)x(p-1)(p+2)

5T p-1+2x (r-12p—1) | 201002 % (0-1)(p42)
where O is the zero matrix of order (p—1)(2p—1) x (p—

1)(2p—1) and

J O O o J J
Si;=10 J J |,S%=|J O J
o o0 J J J J
Let A be any non-zero eigenvalue of M(I'(Z, x Z,3)),

then |A1 —M(T(Z, x Z,3))| =0

NowletTy =Al—0, T, =S, 5 =ST and Ty = A1 - S,.
”, | T
Then by Proposition 2.1 A —M(I'(Z, X Z,3))| = LT

LT — 57, T =

Since Tj is a scalar matrix of order (p — 1)(2p — 1), we get

|Ty| = AP=1)@P=1) and
LT = o By 0
0 o =i,
and |Ty — BT ') = AP D244 1 23(p — 1) —
22 (p(p=10) A (p(p—1)°+ <p+1><p2—p+1>)+

Pr(p—1)°2p-1)).

Therefore |Al —M(T'(Z, X Z,3))| = )2p=1)+(p—1)(p+2)—4
A +22(p=1) =22 (p(p—1 )—A<p<p—1>3+<p+1>
(P2—p+1)+p2(p—1)%(2p—1)) = 0 which is the charac-

teristic polynomial.
Since A # 0, we get A*+A3(p —1) — A2 (p(pf 1)2> -

(=1 +(p+ D)= p+1))+p* (p—1)’ 2p—1)) =
0 O

Conclusion

We have explored the concept of graph energy in the
context of zero divisor graphs and obtained characteristic
equations for various graphs. We have also investigated the
energy of the graph Z, x Z,, (where p is prime.)
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