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Abstract

Best proximity point problem in S-M(S-metric) spaces is thought to be a generalization of a G- metric spaces.
In this study, we provide proof a best proximity points theorem of as-Proximal mapping admissible and its
several types by generalizing the theory of a-admissible mapping in S-M spaces. We present generalized
rational as-Proximal contraction type mappings and investigate the best proximity point in S-M spaces. In
addition, we provide an illustration to show how the result can beused.
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1 Introduction

The best approximation results offer an approximation solution to fixed point equation T{ = {, when a
nonself-mapping T has no fixed point. A well-known best approximation theorem in particular, due to Fan [6],
reveals the fact that “ if K is a non-empty compact convex subset of a Hausdorff locally convex topological
vector space X and T : K —» X is a continous mapping, then there exists an element x satisfying the condition
d(¢, T¢) = inf{d(u, TQ) : u € K}, where d is a metric on X ”.

As a generalization of the idea of the best approximation, the best proximity point theory has evolved. The
best proximity point theorem is taken into consideration when addressing a complication to discover an
approximate solution that is optimal since it ensures the existence of an approximate solution.

Banach Contraction principle is important for finding a fixed point. Due to its diversity, simplicity, and
ease of application, many scholars consider it to be one of the most fascinating topics.. In various
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ways, they tried to apply the Banach contraction principle. Samet et al. [18] introduced the concepts of
a-admissible mapping and a-y-contractive mappings in metric spaces. Findings of Samet et al. [18]
demonstrated that Banach'’s fixed point theorem and a number of other findings are immediate results of their
findings. But on the other hand, Sedghi et al. [19] established the idea of S-M spaces as one outcome of the
generalization of metric spaces.

Let B and C be two non-empty subsets of a metric space (X, d). Choose an element { € B is referred to as a
fixed point on a certain map. T : B — C if T(b) = b. Certainly, T(B) N B/= ¢ is a necessary (butnot sufficient)
situation for the existence of a fixed point of T. If T(B) N B = ¢, then d({, T{) = 0 for all { € B that is, the set
of fixed points of T is empty. Under such circumstances, one frequently tries to find an element ¢ which is in
some sense closest to T¢. Best proximity point analysis has been developed inthis direction.

Choose an element b € B is called a best proximity point of T if
d(b, TB) = d(B, C),

where

d(B,C) =inf{d({, 1) : { €B,u €C}.

The reason being that d({, T{) = d(B, C) for all { € B, the global minimum of the mapping { — d({ T{) is
attained at the Best proximity point.

Hussain et al. [9] proved certain Best proximity point results in the setting of G-metric spaces. Mo- tivated by
inspiration by Hussain et al. [9] and Sedghi et al. [19], In this paper, we prove some best proximity point
results in S-M spaces.

2 PRELIMINARIES
Initially, we must remember a few crucial definition’s, lemma’s and results for this the notion of S-M spaces as
described below.
Definition 2.1. [18] “Let T : X = X be a self-mapping on a metric space (X, d), and let a : X xX — [0, +00)
be a function. It is said that T is a-admissible if {,u €X,
aQu)z1l== a(T{Tu)=21."

Example 2.2. “Consider X = [0, +o0), and define T: X - X and a : X xX — [0, +o0) by T{ = 5( for
all u eX (

Then T is a-admissible.” a(f,u) = ‘<
el ifzul/=0
0 ifi<u

Definition 2.3. [17] “Let T be a self-mapping on a metric space (X,d), and let a,n : X xX — [0, +0)
be two functions. T is said to be an a-admissible mapping with respect to n if {u € X, a({, 1) = n({ u)
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imply a(T¢, Tu) = n(Tq, Tu).

It can be noted that if we take n({, u) = 1, then this definition reduces to Definition 2.1. Also, if wetake a((,
u) =1, then T is said to be an n-subadmissible mapping.”

Definition 2.4. [11] “Let T : B - C, @ : Bx B — [0, +). We say that T is a-Proximal admissiblemapping if

a(d1, $2) 21, == a(u, uz2) 21

d(u, ¢ 48 578 O

for all {1, {2, u1, u2 €A.”

Certainly if B = C then a-Proximal admissible map T converted to a-admissible map.

Definition 2.5. [8] “Let T: B— C, and a,n : BxB — [0, +0) be functions. We say that T is a-proximal
admissible with respect to n if, for all {1, {3, u1, u2 €B,

d(us, T{ G, T (61 82), - = alus, u2) = n(us, uz).

d(uz, TC2) = d(B, C), ©

Note that if we take n(¢, u) = 1 for all {,u € B, then this definition reduces to Definition 2.4. In case
a(¢,u) =1 for all {, u €B, then we shall say that T is n-Proximal subadmissible mapping.”
G={g:[0,+00) — [0, 1) that wayg(ts) — 1 implies t» — 0}

Definition 2.6. [13] “A mapping T: B = C, is called Geraghty’s proximal contraction of the first kind if,there
exists § € G such that

dlu, Tx) = d(4, B) > =A@y A A, TY) = d(4,B)

for all u,v,x,y €A”

Definition 2.7. [13] “A mapping T: B = C, is called Geraghty’s proximal contraction of the second kindif,
there exists B € G such that

d(wT¢) = d(B. C) > - dTuT™) (TS TWACTS Twd(u, T = d(B, C)

for all u,v,{,u €B.”

Definition 2.8. [19] “ Let X be a non-empty set. An S-M on X is a function S : X xX xX = [0, +0)
that satisfies the following conditions for each {,u, o, b €X:

1.5(Gune) 20,
2. S(Cuwo)=0ifand only if { =pu =g,
3.5 0) <SG ¢ b) + S(u, p, b) + S(e 0 b).
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The pair (X, S) is called S-M space.”

This assertion is an emphasis of G-metric spaces [14] and D*-metric spaces [20]. Realize that each S-Mon X
induces a metric ds on X as explained by

ds((, lu) = S((’ {l lu) + S()ul H Ol for all {l H e X.

Example 2.9. [19] “ Let X=R. Then

SGuwe)=I¢-ul+lu-el
for all {0 €R, is an S-M on X.”

Example 2.10. [19]“ Let X = R2 and d is ordinary metric on X. Put

SGue)=du)+de)+dw o)

for all {u,0 €R. Then S is an S-M on X.”
Lemma 2.11. [19] “ Let (X, S) be an S-M space. Then S({, {,u) =S w, Q), for all {u €X.”
Lemma 2.12. [7] “ Let (X,S) be an S-M space. Then

S(¢ ¢ e) =25(4 ¢ u) + S, 0) and S(¢, ¢ @) < 25(, ¢ 1) + S(e, 0 1)

forall {u, 0 €X”

Definition 2.13. [19] Let (X,S) be an S-M space.

1. “A sequence {{1} in X converges to { if and only if S({, {1 {) = 0 as | — +oo. That is, foreach e >
0, there exists lo € N such that, for alll1= lo, S({, {, {) < € and we denote this by limi—s+{i = {.”

2. “A sequence {{1} in X is called a Cauchy sequence if for each € > 0 there exists lo € N such that

S04, ¢, {m) <€ for each L m = 10.”

3. “That S-M space (X, S) is said to be complete if every Cauchy sequence is convergent.”

We now consider the meaning of as-admissible mappings and their generalizations in S-M spaces.In this
article, we present a number of concepts of a-admissible mappings in the context of S-M spaces and name them
as-admissible.

Definition 2.14. [21] “Let T: X - X and «a : x3 > [0, +00). Then T is said to be a-admissible if forall {, p,
0 €X

a(¢ u, 0) 21 implies a(T¢ Ty, To) =2 1.”

Definition 2.15. [21] “ Let (X,S) be an S-M space, T: X > X and as : X xX xX — [0, +0). Then
T is called as— admissible if u, v, w €X,

as(u, v, w) 2 1 implies as(Tu, Tv, Tw) =2 1.”
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Example 2.16. [16] “ Consider X = [0, +0). Define T: X - X and as : X xX xX = [0, +o0) by
Tu = 4u for all u,v,w €X and

ISVe! ifuzvzwv/=0
as(u, v, w) =
0 ifu<v<w
Then T is as—admissible.”

Definition 2.17. [16] “Let (X, S) be an S-metric space, T: X = X, and let as ns : XxXxX — [0, +0)

be two functions. We say that T is an as—admissible mapping with respect to nsif u, v, w € X,as(u, v, w) 2 ns(u, v,
w) implies as(Tu, Tv, Tw) 2 ns(Tu, Tv, Tw).

Note that if we take ns(u, v, w) = 1, then this definition reduces to Definition 2.15."

Definition 2.18. [15] “Let (X, S) be an S-M space and let B and C be two non-empty subsets of X .Then C is
said to be approximatively compact with respect to B if every sequence {ui} in C, satisfying the condition ds({, pn)
—ds(¢, C) for some { in B has a convergent subsequence.”

3 Main Result
At first, we presume

Z={&:[0,0) - [0, ) such that ¢ is non-decreasing and continous } where &(x) = 0 if and only if x = 0.

Definition 3.1. Let (X, S) be a S-M space and let B and C be two non-empty subset of X then T: B— C
and as : BxBxB — [0, +00). We say T is as -Proximal admissible if

a6, 1) = aBEP® =L - == a@v =1, (3.1)

d (v, Tu) =d B, C),s
ds(K', TQ) = dS(B, C),

forall {,u, 09 v,k EB.

Example 3.2. Consider X = R and let a be any fixed positive real number, B = {(a, i, 0) : u, 0 2 0}and
C={(0,u0): 1 0=0}. Define T: B—C by

T(au,g)— oglgg /,Q>O
uwe

4,
Define as : BxB xB — [0, +00) by
2 ifuj0i 20 wherei=1,2
sallgm.0)(@w,e)(gs.0)) =0 e

otherwise.

Then S(q, 1, 0) = %(K‘QHW‘QD is S-M on X, let ds(B, C) = |{-u| and k1 = (a, u1, 01), k2 = (a, U2, 02), k3 = (q,
Us, 03), k4 = (a, Ks, 04),ks = (a, us, 0s), k6 = (a, Ue, 06) be arbitrary points from B satisfying,
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as(k1, K2, K3) = 2,

SO 1, P2, 43, 01, 02, 03 2 0,
ds(K4, TKl) =da-= ds(B, C),
ds(KS, TKZ) =da ds(B, C),
ds(Kﬁ, TKS) =a = ds(B, C).

So further we solve u4 & 14,94 = QL,U5 3 l@,gs = 02 and e = ‘é,QG = p3 which implies u;, 0i = 0,

where i = 1, 2, 3. Hence as(ks, ks, ke) = 2. Therefore, T is as-Proximal admissible map.

Definition 3.3. Choose B and C be two non-empty subsets of an S-M space (X, S). A non-self mappingT : B -
C is called generalized rational as—Proximal contraction mapping if as: B x B x B — [0, +00) isa function and
there exist g € G and & € X; such that, for all {9,9% u,v €B,

ds(9, T¢) = ds(B, C), == as(9, 9%, v)E(S(S, 9+ v)) < g(§(A(S I, 1)))S(A(S I, 1)),

ds(9%, TY) = ds(B, C),

ds(v, Tu) = ds(B, C), (3.2)
where

S(Z, NS89, 9, 1)
A(Z S, 1) =max  S(¢ 8 9), S, 9, 1), S(, 1, O, -

1+S( ¢G9S0, 0, 1)
S99, wW)S(w, u, Q) S, 1, OQS( . 9)
1+5(8,9 WS 1, Q) 1+Su S(ZE9)

(3.3)

Definition 3.4. Let (X,S) be an S-M space, T: B—C, and as s : BxBxB — [0, +). We say T is
as -Proximal admissible with respect to ns if for all {, i, 0,9,v, k € B, we have

dv(0, TP G, # 0 = a (Ov,19) 210 (O, 1) (3.4)

B

ds(v, Tu) = ds( , C),

ds(x, To) = ds(B, C),
Recall that if we take ns(9,v,x) = 1, then this definition converted to Definition 3.2. Also, if we take
as(9,v, k) = 1, then we say that T is an ns— Proximal subadmissible mapping.

Theorem 3.5. Let B and C be two non-empty subsets of an S-M space (X, S) such that (B, S) be acomplete S-M
space and Bo be non-empty set. B and C are approximatively compact with respect to B. Let as: BxB xB — [0,
+00) be a functionand T : B — C be a mapping then the following conditionshold:

1 T is a generalized rational as—Proximal contraction mapping.

2 There exists {o € B such that as({o, {1, T(1) = 1.

3. T is continuous.

4. If{¢1} is a sequence in B such that as({, {11, {+1) 2 1 for all ] € N U{0} and {i - o € B as
| = +oo, then there exists a subsequence {{m; } of {(n} such that as({m;,0,0) =21 for all k.

Suppose that T(Bo) S Co. Then T has the unique best proximity point that is, ¢ € B such that ds(o, To) =
ds(B, C).
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Proof. Due to the subset Bo is not empty, we choose {o in Bo. Taking T{o € T(Bo) € Co into account, wecan
find {1 € Bo like that

ds($1, Tdo) = ds(B, C).
Moreover, given T{1 € T(Bo) S Co, Hence, there are elements {2 and {3 in Bo such that

ds({z, T¢1) = ds(B, Q),
ds({3, Tdz) = ds(B, C).

Repeating this process, we get a sequence {{i} in Bo satisfying
ds({1+1, T{r) = ds(B,C),¥I e N U{0}.

By by taking 9=, { = {i-1, v = {iv1, 1 = 41 ,9* = {is,
Equation 3.2 gives

as(y i1, G1+1)§(S(G) Gie1, G1+1)) = g(§(A(S-1, G €)))(E(A(S-1, G €1)). (3.5)

By the assumption as({o, {1, {1) =1 and T is as—Proximal admissible, we have

as({, {1, Q+1) 21 for all 1 e N U {0},

and &(S($, {i+1, G1+1)) < g(§(A(S-1, &, €1)))E(A(S-1, G, €1)). (3.6)
where
A(d-1, ¢, 4) = max  S(&i-1, 411, §1), S(&1, 4, §1), S(&1, €4, $1-1),

S(&-1, -1, 4)S(4 4. & S(4,. 4, 4)S(4L 4 G-

1+ S(3r-1, ¢-1, )S(3L ¢, ZI)’ 1+ 504, 4, 4NS(¢L 4 (1—1)’
S(& G §-1)S(G-1, §-1, &) 1 + S(¢, ¢, $-1)S( -1, $i-1, $1)

= max{S({i-1, -1, {1), S(¢, ¢, $-1) }-

If max {S({i-1, $i-1, 1), S(Q1, &1, -1)} = S(¢4, ¢, {1-1) then the Equation 3.6 becomes

E(S(Sh G+, G1+1)) = g(&(S(S G §1-1)))E(S(S G $1-1))
< &(5(8 1 Gi-1)), (3.7)

which is a contradiction.

So max {S({i-1, ¢-1, @), S(4, 4, $i+1)} is S(Q-1, {i-1, 1),

implies

E(S(Qy Qis1, £1+1)0)) < E(S(i-1, ¢i-1, 1)) holds for all I € N U {0}. (3.8)
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So, the sequence {S({, {i+1, {+1)}is nonnegative and nonincreasing. Now, we prove that {S({, {i+1, {i+1)} = @
{and we claim ¢ = 0}. It is clear that {S({) {11, {i+1)} is a decreasing sequence. Therefore, there exists
some positive number t such that limn-+»{S({} {i+1, {1+1)} = L.

From 3.7 we have,

5(5(61“'11 {n+2, €n+2)) ( ( ( )))
= S b S+, S+ <1.
5(5(51,6 [+’ )) g f {1 (I 1 {1 1
G+
1 1

Now taking limit n — +c0 we havel < g(&(S(Jy {i+1, {1+1))) < 1,
that is,

g&(S(S ¢, 1)) = 1.

As g € G, we get limn-+o &(S(J), {1+1, {1+1)) = 0, that is

lim S(d, Q1+1, Q1+1) = 0. (3.9)

n—+oco

Now, we present the sequence {{;} is a Cauchy sequence. Suppose, however that {{;} is not a Cauchy
sequence. Then there exist € > 0 and sequences {(mk } and {{i } such that, for all positive integers k, we

have m.=2m. > k,
S(Cmi, Eme, Smy) 2z € (3.10)

In addition, in accordance with m, , we can choose m, in such a way that it is the smallest integer with
I, =m, and satisfies 3.10. Hence

S(Gmy, Cmi, Cik—1) < € (3.11)
Set 61 = 25({;, {;, {-1). Using the lemma 2.4 and 2.5, we have

€ <S(&my, Smy, my ) = S(Cmy, $mys Smy )

<25(&my, §my, Cik—1) + S(Cmy, my, Sik—1)

<S(¢m¢, Cmy, Cik—1) + €

<Omg +E (3.12)

Letting k — +oo in Equation 3.12 we derive that

lim S((ml,(ml, (m[) = €. (313)

n—>0o
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Also, by Lemma 2.5 we obtain the following inequalities:

S(Cmi, Cmy, Cmy) < 25(Gmy, §my, Snk—1 ) + S(Emy, $my, Sik—1)
<25(8my, my, Sik—1 ) + S(Cik—1, Sik—1,Emy )
=6my +S(Qik=1,Stk=1,3me ). (3.14)

S((”k—l s gnk—l s gml. ) = ZS(ZIk—l ’ (Ik—l s Zml.) + S(Zm[_, fmu me )
=01k—-1 +S(Cmy, Cmy, Cmy ). (3.15)

Letting k — oo in Equation 3.15 and applying Equation 3.14 we get

lim S({ik—1,%k—=1,4m) = €

k—+

oo S(Cmy, dmy, Cik-1) = € (3.16)
lim
k—+

[0e)

Now,

S((m[: (mL; {m[_) = 25({”71.1 {m[, (mk—l ) + S({m[, (m[, (’"k—l )
=25(Gmy, Cmy, §mk—1 ) + 25(8my, my, Snk—1 ) + S(Emk—1, §mk—1 ., Sik—1)
=0mg +6mg +S(Cmk—1,¢mk—1,%k-1)- (3.17)

S(Cmk—1,8mk—1,SCk-1) = 25(6mk—1,mk—1,8m;) + S(Cm¢, Smy, Cik—1)
<2S5(mk-1,8mk—1,8%m) + 25(Cik—1, Sik—=1,Smy ) + S(Emy, §my, my )

=O8mk—1 + 6ik-1 + S({my, Emy, Smy ) (3.18)
Letting k — oo in Equation 3.18 and applying Equation 3.17 we get,
lim S(Cmk-1,Smk—1,%1k-1) = € (3.19)
k—+oo

S(Cmy, Emy, Cmy) = 25(Cmy, §my, Cmk—1) + S(Smy, Cmy, Smk—1)
=0m¢ +S({mk—1,Gmg,Gmyg)- (3.20)

S(Cmk—1,8me, Smy) = S(Emy, Smy, Smk—1)

S(&my, Cmy, Cmk—1) = 25(Gmy, Smy, Sik—1 ) + S(Cik—1, Sik—1, Smk—1)

< 25(Gmys Smy, Sik—1) + 25(Sik—1, Sik—1, Smy ) + S(Emk—1, Smk—1, §my )

SOmg +0ik—1 +25({mk—1,{mk—1,8me) +S(Emy, $me, my)

=0myg *+6ik—1 +Omk—1 +S(Cmg,Imye, {my). (3.21)
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Letting k — oo in Equation 3.21 and applying Equation 3.20 we get

lim S({mk—l,(ml_,fml) = €. (322)

k—+oo

S(Cmk—-1,8mk—1,8m) = Omk—1,

Letting k — oo, we obtain

lim  S(mk—1,Smk—1,Smi) = O. (3.23)

k—+oo
Consider Equation 3.6 with 9 =0{m;, { = {mk-1,V = qm, U = Qk—1 9" = qmy,

S((’”k—l ’, (m[, (m[ ) = g[(A(fmk—1 ’ (ml ’ (Ik—l ][A({mk—l ’ (m[ ’ (Ik—l )]l (324)
where

A(fmk—l ’ (mt; élk—l ) = max S(ka—l s ka—l s th )l S(Eml, Zml,l Elk—l )l S(Elk—l s flk—l s ka—l
),

S(Cmk—-1, $mk—1, Emy )S(Smy, Smy, Sik—1) S(Cmi, Smy, Cik—1 )S(Sik—1, Sik—1»
1+ S(mk=1, Smk=1 Emi )S(Gmu, Sme, Stke=1) Smk—1)
1+ S(Cmy, Ty Q=1 )S(Q1k—1 5 Cike—1.»
Cmk—1)

S(¢mk—-1,8mk—1,8m)S(Cik—1,S1k—1, {mk—1)
1+ S(Cmk—1,8mk—1,8m)S(Cik—1,{ik—1, {mk—-1)

A((’"k—l ’ {m[; élk—l ) = max S((’"k—l ’ (mk—l ’ (m )l S(Z’"Ll (mll (Ik—l )l S((lk—l ’ (Ik—l ’ (mk—l )

. (3.25)
Using the Equations 3.16,3.19,3.23 in 3.25 we obtain,
61($mk—1, Smy, Sik—1) = max{0, €, €}
- (3.26)
Now taking limit k — o in Equation 3.24 and using Equations 3.2,3.26, we obtain,
¢(e) = g(&(e)).s(e)$(e) = 1.

This contradicts itself by implying that € = 0. Hence,

lim  (S(Zmi, Smi, Smik+1)) = O. (3.27)

k—+o0

Thus {{;} is a Cauchy sequence. Since (B, S) is complete S - metric space, so there exists ¢ € B such that
{¢}—>0asl— co.
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Conversely, for all  EN,,

ds(Q, C) < ds(Q, T(I)

< ds(o, {1+1) + ds({i+1, TQ)

= ds(Q, cl+1) + ds(B, C) (328)
Taking limit as I — oo in above inequality, we discoverlim ds(g, T{i) = ds(g, C) = ds( , C).

]—oco

Since C is approximatively compact with respect to B so the sequance {T{;} has a subsequence {T{m;}
that converges to some u* € C. Hence,B

ds(Q, [J.*) = lim ds((lk+1 , T(m[) = ds(B, C), (3.29)
[|— oo
and so g € Bo. Now since Tg € TBo S Co, so there exist k € Bo such that
ds(K, TQ) = ds(B, C)

By Equation 3.6 with 9={i+1, { ={, v=K u=0, 9" = (ns+2

we have

E(S(G+1, Qiv2, K)) = g(E(A(S Civ1, 0)))E(A(S) Civa, 0)), (3.30)
where

A(Q, Qi+1, 0) = max{S({, ¢, {i+1), S({1+1, {i+1, ©), S(e, o, <),

S, G $+1)S( i+, J+1 S({+1, {1 S I

1+ S({Il {Il {“1)5({“1! {“11 Q) 1+ S((I+1l (I+1} Q)S(Ql QJ (1) ’
S(Q, Ql (I)S((Il ZI; (1*1)

1+5(0,0,0)5(¢,¢.¢ )
/ 1 1 I+1

A(Z, Gi+1, 0) = max{S(q, ¢, {i+1), S({i1+1, 1+1, 0), S(0, 0, (1)}
Taking the limit / — oo

lim A(ZI; €1+1; Q) = lim maX{S(@, (11 (1*‘1)1 S((’*‘L €I+1, o, S(Q, o, (1)}
[— oo n—oo
=0.

Taking the limit [ - oo in equation(3.28) and using limi~«~A(J, {i+1, 0) = 0, we get

§(S(e o k) =g(£(0))¢(0) = 0.

Then S(g, 0, k) = 0. That is ¢ = k, so ds(g, Te) = ds(B, C). Consequently, T has the “best proximity
point”.

Now we prove the uniqueness of “best proximity point” Suppose that p q such that ds(p, Tp) = ds(B, C)
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and ds(q, Tq) = ds(B, C). Now by 3.6, with { =9 =9*=p and u =v = q we get
§S, p, q)) = 9g(E(Alp, p, 0)))S(AD, P, 9)), (3.31)

where

S(p. p. p)S(p. p. q)

A(p, p,q) = max  S(p, p, p), S(p, b, 9), S(q, a4, p),
1+ S(p, p p)S(p, P q)
S(p. p. 9)S(q. g. b) S(g. q. p)S(p. p. p)

1+S(ppq)Sq qpr)1+S(qqp)S p p)
= max{S(p, p, q), S(q 9, p)}-

If max {S(p, p, q), S(q, 9 p)} = S(p, b, q) then from Equation 3.31, we get

&S v q)) =g(S(p p, q)))E(SW, b, q)),
<é&(S(p.p. q))

which is a contradiction. Thus max {S(p, p, q), S(q, ¢, p)} = S(q, q, p), again Equation 3.31 implies

§(S(p v q)) = 9(8(S(q g p)S(S(g g p)),
< &(S(q, q, p)).

As & is non decreasing, then q = p.

Example 3.6. Let X = [0, +00). It’s simple to observe that S({, u, 0) = 1%|( -o|+|u—o|) is an S-M on
X. Then also, let ds(B,C) = »|& -pu|. Let B={1,2,3,4} and C={6,7,8,9} Define T: B—C

6 {=4,

{+4 otherwise.

Also define,

« £19,V,K)= 1 if9v,k€EB,

0 otherwise.

Also consider g : [0,+00) — [0,1) and & : [0,0) — [0, ) defined by &) = {g({) = 52 respectively.
Clearly ds(B,C) = 1, Bo = {4}, Co = {6} and T(Bo) < T(Co). Let ds(9, Tq) = ds(B, C) and ds(v, Tu) =
ds(B,C) = 1. Then (9,0),(v,u) € {(4 4), (4 2)}. Also, if ds(95TI9) = ds(B,C) = 1, then 9* = 4.
Therefore, if

ds(8, TO) = ds(B, C),
ds(19*, T19) = ds(B, C),
ds(v, Tu) = ds(B, C),
then

BO9viuwe{44444),(44422),44424),44442))
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Now 9 =9*=v =4 so, £(5(9 9% v)) = 0. Hence,

§(S(0, 9, v)) =0 < Ix = gfS(A(S 9, 12))E(AS 6, 1)),

where

~SELANSE.9 W)
AL 9, 1) =max  S(¢ ¢ 9), S, 9 1), S(u 1, ), S(L. LS. 9, ’

1+ S(3 ¢ 9SS, 9, 1)
S(9, 9, )S(u, u, O S(u, 1, QS(Z, . 9)
1+5(8, 09 1wS Q) 1+SkuS(C g9

Let { =2,9=1,u=4, we obtained

~5(2,2,1)5(1,.1,4)
AZ1,4) = max S(221),S(1,1,4),5(4 4,2), S LA

1+5(2,2,1)S(1, 1, 4)

S(1,1,4)5(4.4.1) S(4,4,1)5(2,2.1)
1+5(1,1,4)S(T4,4,1) 1+5(4,4,1)S(2,2,1)
= max 1 31331 _3
44219 11 9 4

Thus T is a generalized rational as—Proximal contraction mapping. All the conditions of Theorem 3.2 are true and
T has a unique best proximity point. Here, o = 4 is the unique best proximity point in T

If in Theorem 3.2 we take &(s) = s, g(t) = t"where 0 < r < 1 and r € (0, c0) then we deduce the
following corollary.

Corollary 3.6.1. Suppose B, C be two non-empty subsets of a S-M space (X, S) such that (B, S) is a complete S-M
space, Bo is non-empty, and C is approximatively compact with respect to B. Assume thatT : B — C is a non-self-
mapping such that T(Bo) € Co and, for {,u, 9,9 v €B

ds(9, T¢) = ds(B, C), = as(9, 9, V)S(9, v, k) < AL 9, W)TA(S S, 1)
ds(19*, T19) = ds(B, C),
ds(V, T,u) = ds(B, C),

holds where 0 <r < 1.

and A(Z 9, 1) =max  S(¢C9), S99 1), S 1 Q, S(C NS, 9, 1) )

1+5(449)SM, 9, 1)

SO 9 w)S(u. 1. Q S S 9
1+5(9,9 wS( 1, Q) 1+S( 1 ST

Then T has unique best proximity point, that is, there exists unique ¢ € B such that ds(o, Te) = ds(B, C)If in

Theorem 3.2 we take &(s) = s, g(t) =_ then we conclude the following corollary.
1+t

Corollary 3.6.2. Suppose B, C be two non-empty subsets of an S-M space (X, S) such that (B,S) is a
complete S-M space, Bo is non-empty, and C is approximatively compact with respect to B. Assume that

1378



Journal of Harbin Engineering University Vol 44 No. 10
ISSN: 1006-7043 October 2023

T: B — Cis a non-self-mapping such that T(Bo) € Co and for {,u, 5,9 v €B

ds(l9, TO = ds(B, C),

ds(l9*, Tl9) = ds(B, C), _ " . 1 A[z 9
ds(v, Tu) = ds(B, C), == R A N G “

Where A({’ 19’ M) = max S((] z’ 19)’ 5(19’ 19’ 'u)’ S('u, /,l, O’ S(Z, Z, 19]5(19, 19, I.ﬂ ,

1+5(449)S, 9, 1)

S(9,. 9, )S(u, u, O S(u, 1, QS(Z, . 9)
1+5(3, 09 wS Q) 1+5( 1 0S4 09)

holds for 0 < r < 1. Then T has unique best proximity point that is, there exists unique ¢ € B such that ds(g, To)
= ds(B, C)

In Theorem 3.2 we can have another result.

Let (X, S) be a S-M space, and let a5, ns: B x B x B = [0, +o0) be a function. Mapping T : B — C is called
generalized rational as—Proximal contraction type mapping with respect to 7 if there exist g € G such that, for
all $9,95u,v €B.

as(9, 9%, v) = ns(9, 9, v)

== 509, 9, v) =g(&(A(S 9, 1)))E(A(S, 9, u))where,

S 9S8, 9, 1)
A9, p) =max  S($ 4 9), S0, 9, 1), S, 1, O, -

1+S( ¢S, 9, 1)
SO 9 WS w. Q) S w1, OS(L . 9)

1+5(0,9 u)Su, 1, 0) 1+S(u, 1 S 9)

Theorem 3.7. Let (X,S) be a CS-M space. Let T be an as—Proximal admissible mapping with respectto ns
such that the following hold:

1. T is a generalized rational as— Proximal contraction type mapping.

2. There exists {o € X such that as({o, o, Tqo) = ns({o, {o, To).

3. This continuous.

4. If {¢i} is a sequence in X such that as({, {1, {i+1) = ns(§), ¢, §i+1) foralll € N U{0} and 1> o€ B as I —
+00, then there exists a subsequence {{my } of {{1} such that as({my¢, {my,0) 20s({my, {my, 0) for all k.

Then T has best proximity point.

Proof. Since subset Bo is not empty, we take {o in Bo. Taking To € T(Bo) < Co into account, we can find
{1 € Bo such that

ds({1, To) = ds(B, C).

Further, since T{1 € T(Bo) < Co, it follows that there are element {2 and {3 in Bo such that
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ds({2, T¢1) = ds(B, C),
ds(¢3, T{z2) = ds(B, C).
Recursively, we obtain a sequence{{} in Bo satisfying
ds(gr+1, TZr) = ds(B, C), vl €N U {0}.
By taking 9=, { = {i-1, v = {1, = {1, 9* = (a1, Equation 3.2 gives
as(y vty G141)§(S(G) Gie1, G1+1)) < g(§(A(S-1, G €1))) (E(A(SH-1, G1 €1). (3:32)

By condition (3), we have as({o, {1, {1) =1s(qo, {1, {1)

ns(8y i1, $1+1)E(S (S v, Gi+1)) = g(E(A(S-1, G €D)) (S(A(S-1, & G1)).

By the assumption 7s({o, {1, {1) =1 and T is as— Proximal admissible, we have
T]s((l, (1+1, (1+1) >1 forall/leENU {0}

§(S (& G+, C1+1)) = g(E(A(G-1, €1 €)))E(A(S-1, € €1) (3:33)

where
A(S-1, G, &) = max  S(&i-1, -1, §1), S(&1, 4, €1), S(40, G, $i-1),
S(Q-1, -1, 4S8 4 &) S0 4. 4)S(4 4 J-1)

1+ 501, 3m, 2)S(8, 5 8) 1+ S(8, & E)S( & $rm1)
S(&8 G G-1)S(G-1, §-1, &) 1 + S(Q, ¢, $-1)S( -1, $i-1, $1)

= max{S({r-1, {i-1, ¢1), S({1, {1, {1-1) }.

If max {S({i-1, -1, 1), S(41, ¢, §1-1)} = S(41, ¢, $i-1) then the Equation 3.33 becomes

E(S(S G, G1+1)) = g(§(S(S1 €1 €1-1)))E(S (S G Gi-1))
< &(S(&, ¢, G1-1)), (3.34)

which is a contradiction.

So max {S({i-1, {i-1, €1), S(¢, ¢, $1+1)} is S(&i-1, Ci-1, €0)-

This implies
&E(S(¢, C1+1, €1+1)0)) < &(S({i-1, -1, 1)) holds for all 1 € N U {0}. (3.35)
In a similar way Theorem 3.2, we can prove that T has a best proximity point.

Theorem 3.8. Let B, C be two non-empty subsets of an S-M space (X, S) such that (B, S) is a complete
S-M space, Bo is non-empty, and C is approximatively compact with respect to B. Assume that T: B —C
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is a non-self-mapping such tha T(Bo) € Co and, for {,u, 9,9, v €B

\/
ds(9, TQ) = ds(B, C), S(ZL9)S(Lu)
d (8% T9 d (B.C 5(19: 19*; V) = CKS({, (1 19) + ﬁ * 1+S(9 ,9¢ (336)
= s == LI
a, T =By, ¢ B FYS( Q) + 6 S e

holds where a,3,7,6 20 and a+ 3 +y + 8 < 1. Then T has the unique best proximity point.

Proof. Following the same lines in the proof of Theorem 3.2, we can construct a sequences {{;} inBo
satisfying

ds(Zr1, TZn) = ds(B, C);¥1 €N U {0}

From (3.36) with { ={i-1, 9=, u =, v = {1+1, 9* = {1+1, we obtain

\/
S¢.¢ ¢ )=aS(¢ ¢ S(¢-1, ¢-1, ) S(Q-1, $i-1, 1)

,C)+ B
I I+1 I+1 1-1 1I-1 1 1 + S(di+1, {141, {1-1)
+vS(Zy Ty Tia )+6 S(<4 4 §-1) 1+ S(J-1, $-1, O1)
B 6
=(a+ + Y+ ; z ))5(6171, -1, ¢1)
1+5S(¢ 1+’ ! ) 1+ -’ ’
1 il 51—15(5 1 d-1 ,
s(a+ B +y+6)S(-1, 4-1, 4,
for all I € N U {0}. This implies
S(Sy i1, Giv1) < KIS(Qo, Go, 1), (3.37)

where k=a+f +y+6 <1 Now, for all m,/ €N, n <m, by Lemma 2.4 and Equation 3.36, we have

S04, Cm, §m) = 25(81, 1, G1+1) + S(Em, Im, §i+1)

= 25(q, ¢, i+1) + S(Qi+1, Qi+1, Cm)

n

< 2k S(qo, Co, ¢1) + 2S5(qi+1, Qi+1, Qi+2) + S(Cm, {m, {1+2)

= 2knS(o, o, (1) + 25(qi+1, {i+1, {1+2) + S(J1+2, {i1+2, Cm)

A | N + km=1]5(4o, do, {1)
2K!
< 1 _kS(fo, o, (1). ——

Taking limit as n, m = oo, we get S({), {;, {m) — 0. This gives that {{i} is a Cauchy sequence in S-M space (X
,S). Due to the completeness of (B, S), there exists ¢ € B such that {{i} converges to g¢. Asin the proof of
Theorem 3.2, we have ds(k, To) = ds(B, C) for some k € Bo. From Equation 3.36 with
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(=0-1,9=0,9"=0+1,u=p and v = x, we deduce

\/
S((/( ;K) Sas(f ’Z lz) +ﬁ S({I—l, 61—1, 61)5(61_1’ (1_1’ Z)
I 1+1 I-11-1 1 1+ S({ie1, Qie1, $i-1)
+yS(0 0 ¢ j_)+6 S(o. 0. {-1) '1 + S(8-1, 4-1, O)
1

By taking limit as = oo in the inequality mentioned above, we obtain S(g, g, k) = 0; that is ¢ = k. Hence,
ds(o, To) = ds(x, Te) = ds(B, C); that is, T has the best proximity point. To prove uniqueness, suppose
thatp q,ds(p, Tp) = ds(B, C) and ds(q, Tq) = ds(B, C). Now by Equation 3.36 with { =9 =9* = p and
u=v =gq we have,

Vi
5(p,p, Q) < a'S(p, 12 p) +B

S, p, P)S(p, b, q)

1+S(p p p)
S(q g p)

+v5(q,qp)+6

1+S(ppp)
<(y +96)S(q 9 p)

=(y +8)S(p, p.q)
which implies S(p, p, q) = 0. Hence p = q, that is T has the unique best proximity point.
By taking f =y =6 = 0 in Theorem (3.5), we obtain the following Corollary:

Corollary 3.8.1. Suppose B, C be two non-empty subsets of an S-M space (X, S) such that (B, S) is a
complete S-M space, Bo is non-empty, and C is approximatively compact with respect to B. Assume thatT : B =
C is a non-self-mapping such that T(Bo) € Co and, for {,u,9,v €B

ds(9, TZ) = ds(B, C), .
ds(9% T9) = ds(B, C), == S, 9% v) =aS({ ¢ 9)
ds(V, T,Ll) = ds(B, C),

holds where 0 <a < 1. Then T has the unique best proximity point.
4 Application to Fixed Point Theory

In this section, as an application of our best proximity results, we will derive certain new fixed point
results

Note that if

ds(8, TO) = ds(B, C), == as(9, 9, v)§(S(9, 9%, v)) = g(§(A(S 9, 1)))S(A(S 6, 1)),
ds(19*, T'(9) = ds(B, C),

ds(v, Tu) = ds(B, C), (4.1)
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where

S(L. NS, 9, u)
A(G Y pu) =max S({ 9, S0, u), Sk i), ,
1+S5(4 ¢S, 9, 1)
S, 9, WS, 1. S w1, S 9)

1+5(3, 9 WS g 1+Sku S L9

and B=C=X, then 9 = T{,9*=TdY, and v = Tu. That is, 9* = T2{. Therefore, if in Theorem 3.5 wetake B
= C=X, we deduce the following recent result.

(4.2)

Theorem 4.1. Let B be non-empty subsets of an S-M space (X, S) such that (B, S) be a complete S-Mspace
and Bo be non-empty set. B is approximatively compact with respect to B.

1. T is a generalized rational as—Proximal contraction mapping.
2. There exists {o € B such that as({o, {1, T{1) = 1.
3. T is continuous.

Then T has a fixed point o € B, and T is a Picard operator, that is, {T"{o} converges to a.

Theorem 4.2. Let B be non-empty subsets of an S-M space (X, S) such that (B, S) be a complete S-Mspace
and Bo be non-empty set. B is approximatively compact with respect to B.

1 T is a generalized rational as—Proximal contraction mapping.

2 There exists {o € B such that as({o, {1, T(1) = 1.

3. T is continuous.

4, If{¢1} is a sequence in B such that as({, {i+1, {+1) 2 1 for all ] € N U {0} and {i - o € B as
| — +oo, then there exists a subsequence {{m; } of {¢n} such that as({m;, 0,0) 21 for all k.

Then T has a fixed point o € B, and T is a Picard operator, that is, {T"{o} converges to a.
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