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On Kasaj topological spaces
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Abstract
In year 2013, L. Thivagar et al. introduced nano topological space and he analysed some properties of weak
open sets. In this paper we shall introduce Kasaj-topological space. We shall introduce some new classes of
weak open sets namely Kasaj-pre-open sets and Kasaj-semi-open sets in Kasaj topological spaces and analyze
their basic properties. We shall also define new types of continuous functions namely Kasaj-continuous function,
Kasaj-pre-continuous function, Kasaj-semi-continuous function in Kasaj topological space.
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1. Introduction
In recent times many people have introduced new topolog-

ical space and it is studied very well. For example, nano topo-
logical space was introduced by L. Thivagar et al. [3]. S. Chan-
drasekar [5] introduced Micro topological spaces which are
extension of nano topological spaces. He has used Levine’s
simple extension concepts in nano topological spaces. The no-
tations of Semi-open sets and Pre-open sets were introduced
by Levine [4], Mashhour et al. [1], respectively. In this paper,
we shall define new topological space namely Kasaj topo-
logical spcae. We shall also define Kasaj-pre-open set and
Kasaj-semi-open set, investigate basic properties and find the
relation between these new classes. We shall also define new

types of continuous function namely Kasaj-continuous func-
tion, Kasaj-pre-continuous function, Kasaj-semi-continuous
function.

2. Preliminary

Definition 2.1. A subset P of a topological space (X,ℑ) is
called

• a semi-open set [4] if P⊆ cl(int(P)).

• a pre-open set [1] if P⊆ int(cl(P)).

The complement of a semi-open set (pre-open set) in a space
X is called semi-closed set (pre-closed set) in X.

2.1 Nano Topological Spaces
Definition 2.2. [3] Let A be a non-empty Universal set and
ℜ be an equivalence relation on A and it is named as the
indiscernibility relation. The pair (A,ℜ) is called as approxi-
mation space. Let X⊆ A.

1. The lower approximation of X with respect to ℜ is
denoted by Lℜ(X) and is defined by

Lℜ(X) = ∪x∈A {P(x) : P(x)⊆ X}

where P(x) denotes the equivalence relation which con-
tains x ∈ A.
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2. The upper approximation of X with respect to ℜ is
denoted by Uℜ(X) and is defined by

Uℜ(X) = ∪x∈A {P(x) : P(x)∩X 6= /0}

where P(x) denotes the equivalence relation which con-
tains x ∈ A.

3. The boundary region of X with respect to ℜ is denoted
by Qℜ(X) and is defined by

Qℜ(X) = Uℜ(X)\Lℜ(X).

Definition 2.3. [3] Let A be an universal set. ℜ be an equiv-
alence relation on A, X⊆ A and ℑℜ(X) = {A, /0,Lℜ(X),
Uℜ(X),Qℜ(X)} which satisfies the following axioms.

1. A, /0 ∈ ℑℜ(X).

2. The union of elements of any subcollection of ℑℜ(X) is
in ℑℜ(X).

3. The intersection of any finite subcollection of elements
of ℑℜ(X) is in ℑℜ(X).

Then (A,ℑℜ(X)) is called nano topological space. The mem-
bers of ℑℜ(X) are called nano open sets.

3. Kasaj Topological Space

Definition 3.1. Let (A,ℑℜ(X)) be a nano topological space
and Kasaj topology is defined by KSℜ(X) = {(K∩S)∪ (K′∩
S′) : K,K′ ∈ ℑℜ(X), fixed S,S′ /∈ ℑℜ(X),S∪ S′ = A} and is
called Kasaj topological space.

Definition 3.2. The Kasaj topology KSℜ(X) satisfies the fol-
lowing postulates :

1. A, /0 ∈ KSℜ(X).

2. The union of elements of any subcollection of KSℜ(X)
is in KSℜ(X).

3. The intersection of any finite subcollection of elements
of KSℜ(X) is in KSℜ(X).

Then (A,ℑℜ(X),KSℜ(X)) is called Kasaj topological spaces
and the members of KSℜ(X) are called Kasaj open sets (KS-
open sets) and the complement of a Kasaj-open set is called a
Kasa j-closed(KS-closed) set and the collection of all Kasaj-
closed sets is denoted by KSCL(X).

Definition 3.3. The Kasaj closure and the Kasaj interior of a
set P is denoted by KScl(P) and KSint(P), respectively. It is
defined by

KScl(P) = ∩{Q : P⊆Q,Q is KS− closed}

KSint(P) = ∪{Q : Q⊆P,Q is KS−open}.

Remark 3.4.

1. KSint(P) is the largest KS-open set contained in P.

2. KScl(P) is the smallest KS-closed set containing P.

Definition 3.5. For any two subsets P,Q of A in a Kasaj
topological space (A,ℑℜ(X),KSℜ(X)),

1. P is a Kasaj-closed set if and only if KScl(P) =P.

2. P is a Kasaj-open set if and only if KSint(P) =P.

3. If P⊆Q, then KSint(P)⊆ KSint(Q) and
KScl(P)⊆ KScl(Q).

4. KScl(KScl(P)) = KScl(P) and
KSint(KSint(P)) = KSint(P).

5. KScl(P∪Q)⊇ KScl(P)∪KScl(Q).

6. KSint(P∪Q)⊇ KSint(P)∪KSint(Q).

7. KScl(P∩Q)⊆ KScl(P)∩KScl(Q).

8. KSint(P∩Q)⊆ KSint(P)∩KSint(Q).

9. KScl(P) = [KSint(P)]c.

10. KSint(P) = [KScl(P)]c.

Example 3.6. Let A= {ϒ,Ω,Ψ,Φ,Γ} with A/ℜ = {{ϒ},
{Ω,Ψ,Φ},{Γ}} and X= {ϒ,Γ} ⊆A. Then ℑℜ(X) = { /0,A,
{ϒ,Γ}}. If we consider S = {Ω,Γ} and S′ = {ϒ,Ψ,Φ}, then
KSℜ(X)= { /0,{ϒ},{Γ},{ϒ,Γ},{Ω,Γ},{ϒ,Ψ,Φ},{ϒ,Ω,Γ},
{ϒ,Ψ,Φ,Γ},A}.

4. Kasaj-pre-open sets

Definition 4.1. Let (A,ℑℜ(X),KSℜ(X)) be a Kasaj topolog-
ical space and P⊆ A. Then P is called Kasaj-pre-open(KS-
pre-open) set if P⊆KSint(KScl(P)) and Kasaj-pre-closed(KS-
pre-closed) set if KScl(KSint(P))⊆P. The set of all Kasaj-
pre-open and Kasaj-pre-closed sets are denoted by KSPO(A,X)
and KSPCL(A,X), respectively.

Theorem 4.2. KSℜ(X)⊆ KSPO(A,X).

Proof. Let P ∈ KSℜ(X), i.e., P = KSint(P). Since P ⊆
KScl(P) for all subset P of A, therefore, P = KSint(P) ⊆
KSint(KScl(P)), which implies that P⊆ KSint(KScl(P)).
Therefore P ∈ KSPO(A,X).

Remark 4.3. In general, KSPO(A,X) 6⊆ KSℜ(X) (See Ex-
ample 4.4).

Example 4.4. Let A= {ϒ,Ω,Ψ,Φ,Γ} with A/ℜ = {{ϒ},
{Ω,Ψ,Φ},{Γ}} and X= {Φ,Γ} ⊆A. Then ℑℜ(X) = { /0,A,
{Γ},{Ω,Ψ,Φ},{Ω,Ψ,Φ,Γ}}. If we consider S = {ϒ,Ω,Γ}
and S′ = {Ψ,Φ}, then

• KSℜ(X)= { /0,{Ω},{Γ},{Ψ,Φ},{Ω,Γ},{ϒ,Ω,Γ},{Ψ,
Φ,Γ},{Ω,Ψ,Φ},{Ω,Ψ,Φ,Γ},A}.
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• KSPO(A,X) = { /0,{Ω},{Γ},{Ψ},{Φ},{Ψ,Φ},{Ω,
Γ},{Ω,Ψ},{Ω,Φ},{Φ,Γ},{Ω,Ψ,Γ},{Ω,Φ,Γ},
{Ψ,Γ},{ϒ,Ω,Γ},{Ψ,Φ,Γ},{Ω,Ψ,Φ},{ϒ,Ω,Ψ,Γ},
{ϒ,Ω,Φ,Γ},{Ω,Ψ,Φ,Γ},A}

One can easily see that {Ω,Ψ} ∈ KSPO(A,X) but not in
KSℜ(X).

Theorem 4.5. KSCL(X)⊆ KSPCL(A,X).

Proof. Let P∈KSCL(X).(i.e., KScl(P) =P). Then we have
KScl(KScl(P))⊆P. Since

KSint(P)⊆P

and
KScl(KSint(P))⊆ KScl(KScl(P)).

So, it follows that

(KScl(KSint(P))⊆ KScl(KScl(P))⊆P.

Hence P ∈ KSPCL(A,X).

Remark 4.6. In general, KSPCL(A,X) 6⊆ KSCL(X). Con-
sider Example 4.4, One can see that {ϒ,Φ,Γ} is in KSPCL(A,X)
but not in KSCL(X).

Definition 4.7. The Kasaj-pre-closure and the Kasaj-pre-
interior of a set P is denoted by KS-precl(P) and KS−
preint (P), respectively. It is defined by

KS− precl(P) = ∩{Q : P⊆Q,Q is KS-pre-closed}

KS− preint(P) = ∪{Q : Q⊆P,Q is KS-pre-open}.

Remark 4.8.

1. KS-preint(P) is the largest KS-pre-open set contained
in P.

2. KS-precl(P) is the smallest KS-pre-closed set contain-
ing P.

Theorem 4.9.

1. ∪α∈ΛPα ∈ KSPO(A,X) whenever Pα ∈ KSPO(A,X)
and Λ is an index set.

2. ∩α∈ΛPα ∈KSPCL(A,X) whenever Pα ∈KSPCL(A,X)
and Λ is an index set.

Proof. (1.) Let {Pα : α ∈ I}⊆KSPO(A,X). By definition of
KS-pre-open set, for each α , Pα ⊆ KSint(KScl(Pα)), which
implies that

∪αPα ⊆ ∪α KSint(KScl(Pα))

⊆ KSint(∪α KScl(Pα))

⊆ KSint(KScl(∪α(Pα)))

Hence ∪αPα ∈ KSPO(A,X).

(2.) Let {Pα : α ∈ I} ⊆ KSPCL(A,X). By definition of KS-
pre-closed set, for each α ,
KScl(KSint(Pα))⊆Pα .
Now

KScl(KSint(∩α(Pα))) ⊆ KScl(∩α(KSint(Pα))

⊆ ∩α(KScl(KSint(Pα)))

⊆ ∩αPα

Hence, ∩αPα ∈ KSPCL(A,X).

Theorem 4.10.

1. P= KS-precl(P) iff P ∈ KSPCL(A,X).

2. P= KS-preint(P) iff P ∈ KSPO(A,X).

Proof. 1. (⇒) Assume that P∈KSPCL(A,X), P⊆KS−
precl(P) and KS− precl(P)=∩{Q :P⊆Q,Q is KS−
pre− closed set}. Since P ∈ KSPCL(A,X). P is an
element of ∩{Q : P⊆Q,Q is KS− pre− closed set}.
So, ∩{Q : P ⊆ Q,Q is KS− pre− closed set} = P.
Hence P= KS− precl(P).

(⇐) Assume that P= KS-precl(P). Then by Remark
4.8, P ∈ KSPCL(A,X).

2. (⇒) Assume that P ∈ KSPO(A,X). Then P⊆ ∪{Q :
Q ⊆ P,Q is KS− pre− open set} = KS− preint(P).
So, P ⊆ KS− preint(P). As P ∈ KSPO(A,X), KS−
preint(P)⊆P. Hence P= KS− preint(P).

(⇐) Assume that P = KS− preint(P). Then by Re-
mark 4.8, P ∈ KSPO(A,X).
Hence, we get desired.

5. Kasaj-semi-open sets

Definition 5.1. Let (A,ℑℜ(X),KSℜ(X)) be a Kasaj topo-
logical space and P ⊆ A. Then P is called Kasaj-semi-
open(KS-semi-open) set if P ⊆ KScl(KSint(P)) and Kasaj-
semi-closed(KS-semi-closed) set if KSint(KScl(P))⊆P. The
set of all Kasaj-semi-open sets is denoted by KSSO(A,X) and
similarly, The set of all Kasaj-semi-closed sets is denoted by
KSSCL(A,X).

Theorem 5.2. KSℜ(X)⊆ KSSO(A,X).

Proof. Let P ∈ KSℜ(X), (i.e., P = KSint(P)). Since P ⊆
KScl(P) for all subset P of A, therefore, P = KSint(P) ⊆
KScl(KSint(P)), which implies that P⊆ KScl(KSint(P)).
Therefore P ∈ KSSO(A,X).

Remark 5.3. In general KSSO(A,X) 6⊆ KSℜ(X) (See Exam-
ple 5.4).

Example 5.4. Let A= {ϒ,Ω,Ψ,Φ,Γ} with A/ℜ = {{ϒ},
{Ω,Ψ},{Φ,Γ}} and X= {ϒ,Ψ}⊆A. Then ℑℜ(X) = { /0,A,
{ϒ},{Ω,Ψ},{ϒ,Ω,Ψ}}. If we consider S = {ϒ,Ω,Φ} and
S′ = {Ψ,Γ}, then
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• KSℜ(X)= { /0,{ϒ},{Ω},{Ψ},{Ψ,Γ},{ϒ,Ψ},{ϒ,Ω},
{Ω,Ψ},{ϒ,Ω,Φ},{ϒ,Ω,Ψ},{Ω,Ψ,Γ},{ϒ,Ψ,Γ},
{ϒ,Ω,Ψ,Φ},{ϒ,Ω,Ψ,Γ},A}.

• KSSO(A,X)= { /0,{ϒ},{Ω},{Ψ},{Ψ,Γ},{ϒ,Ψ},{ϒ,
Ω},{ϒ,Φ},{Ω,Φ},{Ω,Ψ},{ϒ,Ω,Φ},{ϒ,Ω,Ψ},{ϒ,
Ψ,Φ},{Ω,Ψ,Φ},{Ω,Ψ,Γ},{ϒ,Ψ,Γ},{ϒ,Ω,Ψ,Φ},
{ϒ,Ω,Ψ,Γ},{ϒ,Ψ,Φ,Γ},{Ω,Ψ,Φ,Γ},A}.

One can easily see that {ϒ,Φ} is in KSSO(A,X) but not
in KSℜ(X).

Theorem 5.5. KSCL(X)⊆ KSSCL(A,X).

Proof. Let P∈KSCL(X).(i.e., KScl(P) =P). Then we have
KScl(KScl(P))⊆P. Since

KSint(P)⊆P

and
KSint(KScl(P))⊆ KScl(KScl(P)).

So, it follows that

(KSint(KScl(P))⊆ KScl(KScl(P))⊆P.

Hence P ∈ KSSCL(A,X).

Remark 5.6. In general, KSSCL(A,X) 6⊆KSCL(X).Consider
Example 5.4, One can see that {Ω} is in KSSCL(A,X) but
not in KSCL(X).

Definition 5.7. The Kasaj-semi-closure and the Kasaj-semi-
interior of a set P are denoted by KS-semicl(P) and KS-
semiint(P), respectively. They are defined by

KS-semicl(P) = ∩{Q : P⊆Q,Q is KS-semi-closed}

KS-semiint(P) = ∪{Q : Q⊆P,Q is KS-semi-open}.

Remark 5.8.

1. KS-semiint(P) is the largest KS-semi-open set con-
tained in P.

2. KS-semicl(P) is the smallest KS-semi-closed set con-
taining P.

Theorem 5.9.

1. ∪α∈ΛPα ∈ KSSO(A,X) whenever Pα ∈ KSSO(A,X)
and Λ is an index set.

2. ∩α∈ΛPα ∈KSSCL(A,X) whenever Pα ∈KSSCL(A,X)
and Λ is an index set.

Proof. (1.) Let {Pα : α ∈ I}⊆KSSO(A,X). By definition of
KS-semi-open set, for each α , Pα ⊆KScl(KSint(Pα)), which
implies that

∪αPα ⊆ ∪α KScl(KSint(Pα))

⊆ KScl(∪α KSint(Pα))

⊆ KScl(KSint(∪α(Pα)))

Hence ∪αPα ∈ KSSO(A,X).
(2.) Let {Pα : α ∈ I} ⊆ KSSCL(A,X). By definition of KS-
semi-closed set, for each α ,

KSint(KScl(Pα))⊆Pα .

Now KSint(KScl(∩α(Pα))) ⊆ KSint(∩α(KScl(Pα))

⊆ ∩α(KSint(KScl(Pα)))

⊆ ∩αPα

Hence, ∩αPα ∈ KSSCL(A,X).

Remark 5.10. 1. If P,Q ∈ KSSO(A,X) but in general
P∩Q need not in KSSO(A,X). In example 5.4, {ϒ,Φ},
{Ω,Φ} ∈ KSSO(A,X) but {ϒ,Φ}∩ {Ω,Φ} = {Φ} /∈
KSSO(A,X).

2. If P,Q ∈ KSSCL(A,X) but in general P∪Q need not
in KSSCL(A,X). In example 5.4, {Ω,Ψ,Γ},{ϒ,Ψ,Γ}∈
KSSCL(A,X) but {Ω,Ψ,Γ}∪{ϒ,Ψ,Γ}= {ϒ,Ω,Ψ,Γ}
/∈ KSSCL(U,X).

Theorem 5.11.

1. P= KS-semicl(P) iff P ∈ KSSCL(U,X).

2. P= KS-semiint(P) iff P ∈ KSSO(U,X).

Proof. 1. (⇒) Assume that P∈KSSCL(U,X), P⊆KS−
semicl(P) and KS− semicl(P) = ∩{Q : P⊆Q, Q is
KS− semi− closed set}. Since P ∈ KSSCL(U,X). P
is an element of {Q :P⊆Q,Q is KS−semi− closed set}.
So,

∩{Q : P⊆Q,Q is KS− semi− closed set}=P.

Hence P= KS− semicl(P).

(⇐) Assume that P = KS− semicl(P). Then by Re-
mark 5.8, P ∈ KSSCL(U,X).

2. (⇒) Assume that P ∈ KSSO(U,X). Then

P ⊆ ∪{Q : Q⊆P,Q is KS− semi− open set}
= KS− semiint(P).

So, P⊆ KS− semiint(P). As P ∈ KSSO(U,X), KS−
semiint(P)⊆P. Hence P= KS− semiint(P).

(⇐) Assume that P = KS− semiint(P). Then by Re-
mark 5.8, P ∈ KSSO(U,X). Hence, we get desired.

Example 5.12. Let A= {ϒ,Ω,Ψ,Φ,Γ} with A/ℜ = {{ϒ},
{Ω,Ψ,Φ},{Γ}} and X= {Φ,Γ} ⊆A. Then ℑℜ(X) = { /0,A,
{Γ},{Ω,Ψ,Φ},{Ω,Ψ,Φ,Γ}}. If we consider S = {ϒ,Ω,Γ}
and S′ = {Ψ,Φ}, then

• KSℜ(X) = { /0,{Ω},{Γ},{Ψ,Φ},{Ω,Γ},{ϒ,Ω,Γ},
{Ψ,Φ,Γ},{Ω,Ψ,Φ},{Ω,Ψ,Φ,Γ},A}.
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• KSSO(A,X) = { /0,{Ω},{Γ},{ϒ,Ω},{ϒ,Γ},{Ψ,Φ},
{Ω,Γ},{ϒ,Ω,Γ},{Ψ,Φ,Γ},{Ω,Ψ,Φ},{Ω,Ψ,Φ,Γ},
{ϒ,Ω,Ψ,Φ},{ϒ,Ψ,Φ,Γ},A}.

• KSPO(A,X) = { /0,{Ω},{Γ},{Ψ},{Φ},{Ψ,Φ},{Ω,
Γ},{Ω,Ψ},{Ω,Φ},{Φ,Γ},{Ω,Ψ,Γ},{Ω,Φ,Γ},{ϒ,
Ω,Γ},{ϒ,Ω,Ψ,Γ},{ϒ,Ω,Φ,Γ},{Ψ,Φ,Γ},{Ω,Ψ,Φ},
{Ω,Ψ,Φ,Γ},A}.

Remark 5.13.

• KSPO(U,X) 6⊆ KSSO(U,X). In example 5.12 {Φ} is
in KSPO(U,X) but not in KSSO(U,X).

• KSPO(U,X) 6⊇ KSSO(U,X). In example 5.12 {ϒ,Ω}
is in KSSO(A,X) but not in KSPO(A,X).

6. Kasaj-continuous functions
We first define Kasaj-continuous (KS-continuous) func-

tions.

Definition 6.1. Let (A,ℑℜ(X),KSℜ(X)) and (V,ℑℜ′(Y),
KSℜ′(Y)) be two Kasaj topological spaces and X ⊆ A and
Y⊆V. Then f :A→V is Kasaj-continuous (KS-continuous)
function if f−1(D) ∈ KSℜ(X) whenever D ∈ KSℜ(Y).

Theorem 6.2. Let (A,ℑℜ(X),KSℜ(X)) and (V,ℑℜ′(Y),
KSℜ′(Y)) be two Kasaj topological spaces and X ⊆ A and
Y ⊆ V. Then f : A→ V is KS-continuous function if and
only if f−1(D) ∈ KSCL(X) whenever D ∈ KSCL(Y).

Proof. Let, f : A→ V is KS-continuous function and D ∈
KSCL(Y). Then Dc ∈ KSℜ(Y). By hypothesis f−1(Dc) ∈
KSℜ(X), i.e. [ f−1(D)]c ∈KSℜ(X) . Hence f−1(D)∈KSCL(X)
whenever D ∈ KSCL(Y).
Conversely suppose [ f−1(D)]c ∈ KSℜ(X) whenever D ∈
KSCL(Y). Let D ∈ KSℜ(Y) then Dc ∈ KSCL(Y). By as-
sumption f−1(Dc) ∈ KSCL(X). i.e. [ f−1(D)]c ∈ KSCL(X).
Then f−1(D) ∈ KSℜ(X). Hence f is KS-continuous.

Definition 6.3. Let (A,ℑℜ(X),KSℜ(X)) and (V,ℑℜ′(Y),
KSℜ′(Y)) be two Kasaj topological spaces and X ⊆ A and
Y ⊆ V. Then f : A→ V is KS-pre-continuous function if
f−1(D) ∈ KSPCL(A,X) whenever D ∈ KSCL(Y).

Theorem 6.4. Every KS-continuous function is KS-pre- con-
tinuous function.

Proof. Let f :A→V be a KS-continuous function, i.e. f−1(D)
∈KSCL(X) whenever D∈KSCL(Y). By Theorem 4.2, There-
fore f−1(D) ∈ KSPCL(A,X) for all D ∈ KSCL(Y). Hence,
f is KS-pre-continuous function.

Definition 6.5. Let (A,ℑℜ(X),KSℜ(X)) and (V,ℑℜ′(Y),
KSℜ′(Y)) be two Kasaj topological spaces and X ⊆ A and
Y ⊆V. Then f : A→V is KS-semi-continuous function if
f−1(D) ∈ KSSCL(A,X) whenever D ∈ KSCL(Y).

Theorem 6.6. Every KS-continuous function is KS- semi-
continuous function.

Proof. Let f :A→V be a KS-continuous function, i.e. f−1(D)
∈KSCL(X) whenever D∈KSCL(Y ). By Theorem 5.2, There-
fore f−1(D) ∈ KSSCL(A,X) for all D ∈ KSCL(Y). Hence, f
is KS-semi-continuous function.

Conclusion
In this paper, some of the properties of these new classes are
discussed and we get the following inversion :

KSPO(A,X)) KSℜ(X)( KSSO(A,X)

we have shown that none of implication is reversible. This
shall be extended in future research with some applications.
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