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1. Introduction

In recent times many people have introduced new topolog-
ical space and it is studied very well. For example, nano topo-
logical space was introduced by L. Thivagar et al. [3]. S. Chan-
drasekar [5] introduced Micro topological spaces which are
extension of nano topological spaces. He has used Levine’s
simple extension concepts in nano topological spaces. The no-
tations of Semi-open sets and Pre-open sets were introduced
by Levine [4], Mashhour et al. [1], respectively. In this paper,
we shall define new topological space namely Kasaj topo-
logical spcae. We shall also define Kasaj-pre-open set and
Kasaj-semi-open set, investigate basic properties and find the
relation between these new classes. We shall also define new

types of continuous function namely Kasaj-continuous func-
tion, Kasaj-pre-continuous function, Kasaj-semi-continuous
function.

2. Preliminary

Definition 2.1. A subset ‘B of a topological space (X,3) is
called

e a semi-open set [4] if P C cl(int(P)).
e apre-open set [1] if B C int(cl(P)).

The complement of a semi-open set (pre-open set) in a space
X is called semi-closed set (pre-closed set) in X.

2.1 Nano Topological Spaces

Definition 2.2. [3] Let A be a non-empty Universal set and
R be an equivalence relation on 2 and it is named as the
indiscernibility relation. The pair (2, R) is called as approxi-
mation space. Let X C 2.

1. The lower approximation of X with respect to R is
denoted by L5 (X) and is defined by

L5 (X) = Ureat {P(x) : P(x) € X}

where P(x) denotes the equivalence relation which con-
tains x € 2.



2. The upper approximation of X with respect to R is
denoted by Uy (X) and is defined by

U (X) = Urear {P(x) : P(x) N X # 0}

where P(x) denotes the equivalence relation which con-
tains x € 2.

3. The boundary region of X with respect to R is denoted
by Qg (X) and is defined by

Qi (X) = Ur(X) \ L (X).

Definition 2.3. [3] Let A be an universal set. ‘R be an equiv-
alence relation on A, X C A and S5 (X) = {2A,0, % (X),
U5 (X),Q%(X)} which satisfies the following axioms.

1. A0 € Sq(X).

2. The union of elements of any subcollection of S5 (%) is

3. The intersection of any finite subcollection of elements

of Sx(X) is in S (X).

Then (2,3 (X)) is called nano topological space. The mem-
bers of Sg(X) are called nano open sets.

3. Kasaj Topological Space

Definition 3.1. Ler (A, 3% (X)) be a nano topological space
and Kasaj topology is defined by KS% (%) = {(KNS)U(K'N
S K,K' € Sx(X), fixed S,S ¢ Sx(X),SUS =2} and is
called Kasaj topological space.

Definition 3.2. The Kasaj topology KS%(X) satisfies the fol-
lowing postulates :

1. 2,0 € KSy(X).

2. The union of elements of any subcollection of KSg(X)
is in KSq (%).

3. The intersection of any finite subcollection of elements
of KS (%) is in KSg(%).

Then (A,3x(X),KSx(X)) is called Kasaj topological spaces
and the members of KSx(X) are called Kasaj open sets (KS-
open sets) and the complement of a Kasaj-open set is called a
Kasaj-closed(KS-closed) set and the collection of all Kasaj-
closed sets is denoted by KSCL(X).

Definition 3.3. The Kasaj closure and the Kasaj interior of a
set B is denoted by KS¢; () and KSi (B), respectively. It is
defined by

KSq(B) =n{Q : P C Q,Qis KS — closed}

KSin:(P) =U{Q: Q CP,Qis KS —open}.
Remark 3.4.
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1. KSin(P) is the largest KS-open set contained in B.
2. KS.(P) is the smallest KS-closed set containing ‘B.

Definition 3.5. For any two subsets P, of 2 in a Kasaj
topological space (2U,3x(X),KSx(X)),

1. B is a Kasaj-closed set if and only if KS.;(B) = P.
2. B is a Kasaj-open set if and only if K S, (P) = P.

3. IfB C Q, then KSiy (P) C KSin (Q) and
KSL[("B) - KSL[(Q)

4. KS;(KS:(B)) = KS(B) and
KSin (KSint (‘B)) = KSint(m)

KS.(PUQ) D KSy(P)UKS,(Q).
KSin (FUQ) D KSips (P) UKSins (Q).
KS.(PNQ) CKSy(P)NKS:(Q).
KSin (B NQ) C KSips (P) NKSins (Q).
KSc(B) = [KSin (B)]“.

10. KSin (P) = [KSer(P))°.

Example 3.6. Let A = {Y,Q, ¥, P, T} with /R = {{T},
{Q,¥,®},{I'}} and X = {X, T’} C 2 Then Sx(X) ={0,2,
{Y,T'}}. If we consider S = {Q,T'} and ' = {Y,¥, D}, then
KSa(X) = {0,{Y}{T} {Y.T}, {Q.T}, {1,%, 8}, {X,Q,T},
(Y, %,®,T},2).

O 2 N S W

4. Kasaj-pre-open sets

Definition 4.1. Let (2, 3% (X),KS%(X)) be a Kasaj topolog-
ical space and 3 C . Then ‘R is called Kasaj-pre-open(KS-
pre-open) set if B C KS; (KS:1(P)) and Kasaj-pre-closed(KS-
pre-closed) set if KS¢;(KSint(B)) CB. The set of all Kasaj-
pre-open and Kasaj-pre-closed sets are denoted by KSPO(2, X)
and KSPCL(U,X), respectively.

Theorem 4.2. KSi(X) C KSPO(2,%).

Proof. Let P € KSq(X), i.e., P = KSin(*P). Since P C
KS.;(B) for all subset P of 2, therefore, P = KS;, (P) C
KSin (KSq;(B)), which implies that B C KS;,, (KS:(B)).
Therefore 3 € KSPO(, X).

OJ

Remark 4.3. In general, KSPO(,X) € KSx(X) (See Ex-
ample 4.4).

Example 4.4. Let 2 = {Y,Q, %, &, T} with 2/R = {{T},
(Q,¥,®},{T}} and X = {®,T"} C A Then 3(X) = {0,2,
{T}{Q,¥,0},{Q,¥,D,T'}}. If we consider S ={Y,Q,T'}
and §' = {¥,®}, then

* KSy (:f) = {07 {‘Q‘}’ {F}7 {\P’d)}’ {Qv F}7 {Ta Q, F}7 {‘P7
D,T}H{Q ¥, 0}, {Q,¥,D,I'},2A}.



i KSPO(le :{) = {@, {Q}a {F}’ {\P}v {q)}’ {lpv CI)}, {,Q’
' {Q,¥},{Q,®},{®,T},{Q,¥,T},{Q,&,T},
{¥.T}H{Y,Q,TI'} {¥,&,T}{Q V¥, 0}, {Y,Q¥T},
{r,Q eI} {Q,¥,o,I'},2}

One can easily see that {Q,¥} € KSPO(,X) but not in
KSx(X).

Theorem 4.5. KSCL(X) C KSPCL(2,X).

Proof. LetP € KSCL(X).(i.e., KS;; () =*P). Then we have
KS:(KS.(B)) C*B. Since

and
KSCI (KSint (‘43)) c KSCZ (KSCI (‘13))

So, it follows that
(KScl (KSint (%)) CKSy (KScl (‘13)) - ‘13
Hence 3 € KSPCL(, X). O

Remark 4.6. In general, KSPCL(2(,X) € KSCL(X). Con-

sider Example 4.4, One can see that {Y,®,T'} is in KSPCL(2, X)

but not in KSCL(X).

Definition 4.7. The Kasaj-pre-closure and the Kasaj-pre-
interior of a set *B is denoted by KS-pre . (*3) and KS —
prein(*B), respectively. It is defined by

KS —preq(P) =nN{Q : P C 0,0 is KS-pre-closed}
KS — preiy (PB) = U{Q : Q C*P,Q is KS-pre-open}.
Remark 4.8.

1. KS-pre;j;(°B) is the largest KS-pre-open set contained
in L.
2. KS-pre,(*B) is the smallest KS-pre-closed set contain-
ing L.
Theorem 4.9.

1. UgeaPBo € KSPO(2L, X) whenever Py € KSPO(2L,X)
and A is an index set.

2. NgeAPa € KSPCL(A, X) whenever B € KSPCL(2L, X)
and A is an index set.

Proof. (1.) Let {Py: a €I} CKSPO(,X). By definition of
K S-pre-open set, for each o, Py C KSin (KS¢;(Bo)), which
implies that

UaPBa UaKSin (KSei(Ba))
KSint(UaKScl (‘Ba))
KSin (KSei(Ua(Ba)))

Hence UgPy € KSPO(RA, X).

N 1N 1N
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(2.) Let {PBy : @ € I} C KSPCL(, X). By definition of KS-
pre-closed set, for each ¢,
KSCI(KSint(ma)) c m(}

Now
KSCI(KSint(ﬂoc(ma))) c KScl(ﬂa<KSint (ma))
C Na(KSei(KSint(Ba)))
C Na'Ba
Hence, NgBo € KSPCL(A, X). O
Theorem 4.10.

1. P =KS-pre,(P) iff B € KSPCL(A, X).
2. P = KS-pres (B) iff B € KSPO(A, X).

1. (=) Assume that 3 € KSPCL(2(,X), B C KS—
preq(B) and KS—pre (P) =N{Q: PCQ,QisKS—
pre — closed set}. Since B € KSPCL(,X). P is an
element of N{Q : P C 0,0 is KS — pre — closed set}.
So, N{Q: P C 0,0 is KS — pre — closed set} = PB.
Hence P = KS — pre (P).

(<) Assume that 8 = KS-pre.; (B). Then by Remark
4.8, € KSPCL(%, X).

Proof.

2. (=) Assume that B € KSPO(2(,X). Then P C U{Q:
0 CP,Qis KS — pre — open set} = KS — prejy (P).
So, P C KS — prein (P). As P € KSPO(A, X), KS —
preiy (B) C*B. Hence P = KS — prein (P).

(<) Assume that B = KS — pre;, (3). Then by Re-
mark 4.8, P € KSPO(2, X).
Hence, we get desired.

5. Kasaj-semi-open sets

Definition 5.1. Let (2A,3%(X),KS%(X)) be a Kasaj topo-
logical space and B C A. Then B is called Kasaj-semi-
open(KS-semi-open) set if B C KS./(KSin (*B)) and Kasaj-
semi-closed(KS-semi-closed) set if KSin (KSe;(%B)) CB. The
set of all Kasaj-semi-open sets is denoted by KSSO(2,X) and
similarly, The set of all Kasaj-semi-closed sets is denoted by
KSSCL(2, X).

Theorem 5.2. KSi(X) C KSSO(2,X).

Proof. Let P € KSx(%), (i.e., P = KS;n (P)). Since P C
KS.(PB) for all subset P of 2, therefore, P = KSin (P) C
KS:i(KSin (B)), which implies that B C KS.;(KSi (B)).
Therefore B € KSSO(2, X).

O

Remark 5.3. In general KSSO(A, X)  KS(X) (See Exam-
ple 5.4).

Example 5.4. Let A = {Y,Q, ¥, P, T} with /R = {{T},
{Q,¥},{®,I'}} and X = {Y, ¥} CA. Then Sx(X) ={0,,
{Y}{Q,¥},{Y,Q,¥}}. If we consider S = {Y,Q, P} and
§'={¥,T'}, then



o KSqi(X) = {0,{X}, {Q}, {¥}, {¥, T}, {X,¥},{T,Q},
(Q,9},{Y,Q,®},{Y,Q,¥},{Q,¥,T},{T,¥,I},
{r,Q,¥,®},{Y,Q,%,I'},2}.

1 KSSO(QL’ x) = {0’ {Y}5 {9}7 {‘P}7 {lP, F}’ {Y7 \P}7 {Y7
Q}? {T7 ¢}’ {97 (D}? {Q’ qj}? {Y7 Q7¢}’ {Y7 97111}7 {T?
lP’ q)}7 {Q71I17 (I)}’ {Q7 T? F}? {Y7 lIl7 F}? {T’ Q’ lP’ q)}7
{Y,Q% '}, {T,% &I} {QW¥ o}

One can easily see that {Y,®} is in KSSO(2, X) but not
in KSq(X).

Theorem 5.5. KSCL(X) C KSSCL(,X).

Proof. LetP € KSCL(X).(i.e., KS.; () = P). Then we have
KS,i(KS (%)) C . Since

KSin (B) € B

and
KSint (KSL‘[ (;B)) c KScl (KScl (‘13))

So, it follows that

(KSint (KSCI ((B)) - KSCI (KSCI (‘B)) - ‘13
Hence P € KSSCL(2, X). O

Remark 5.6. In general, KSSCL(2,X) Z KSCL(X).Consider
Example 5.4, One can see that {Q} is in KSSCL(,X) but
not in KSCL(X).

Definition 5.7. The Kasaj-semi-closure and the Kasaj-semi-
interior of a set P are denoted by KS-semi.;(3) and KS-
semii (PB), respectively. They are defined by

KS-semiy (B) = N{Q : P C 0,90 is KS-semi-closed}
KS-semiin (P) = U{Q : Q CP,Q is KS-semi-open}.
Remark 5.8.

1. KS-semi, (*P) is the largest KS-semi-open set con-
tained in ‘3.

2. KS-semi.;(*B) is the smallest KS-semi-closed set con-
taining L.
Theorem 5.9.

1. UgeaPBa € KSSO(U, X) whenever Py € KSSO(, X)
and A is an index set.

2. NgeaPBa € KSSCL(A, X) whenever P o € KSSCL(, X)
and A is an index set.

Proof. (1.) Let {Pq:a €I} CKSSO(, X). By definition of
K S-semi-open set, for each o, Py C KS¢; (KSin (P )), which
implies that

UaPBa UaKSe(KSin (Ba))
KSc1(UaKSin (Ba))

KS:(KSin (Ua(Ba)))

N 1N 1N
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Hence UgPBy € KSSO(A, X).
(2.) Let {Pq : o € I} C KSSCL(2, X). By definition of KS-
semi-closed set, for each «,

KSint (KSL‘[ (‘Ba)) - m(x-

Now  KSiy (KScl(ﬂa (‘Ba))) c KSint(“ot(KScl (’Ba))
c moc(KSint(I{Scl (ma)))
g ma"pa
Hence, NgBo € KSSCL(A, X). O

Remark 5.10. 1. IfP,Q € KSSO(AU,X) but in general
BN need not in KSSO(A, X). In example 5.4, {Y, P},
{Q, @} € KSSO(, X) but {Y,®}N{Q,®} = {®} ¢
KSSO(3L, %).

2. If B, Q9 € KSSCL(, X) but in general B U Q need not
in KSSCL(, X). In example 5.4, {Q, ¥, T}, {Y,¥,T'} €
KSSCL(2, %) but {Q, ¥, T} U{Y, ¥, T’} = {T,Q,W.I'}
¢ KSSCL(41, X).

Theorem 5.11.
1. B = KS-semi.; (°P) iff B € KSSCL(LL, X).
2. P = KS-semiim (P) iff P € KSSOLL X).

Proof. 1. (=) Assume that € KSSCL({,X), B C KS—

semiy (P) and KS — semiy; (P) =N{Q:PC N, Qis
KS — semi — closed set}. Since 3 € KSSCL(L(, X). B
is an element of {Q : P C Q, N is KS — semi — closed set}.
So,

N{Q:P C 2,9 is KS — semi — closed set} = P.

Hence P = KS — semi.; (P).

(<) Assume that 8 = KS — semi(J3). Then by Re-
mark 5.8, 8 € KSSCL(Ll, X).

2. (=) Assume that P} € KSSO(4, X). Then

B

N

U{Q: Q CP,Qis KS — semi — open set}
= KS—semip (P).

So, P C KS — semiy (). As P € KSSO(4, X), KS —
semiiy (B) CP. Hence P = KS — semijy (P).
(<) Assume that B = KS — semij, (). Then by Re-
mark 5.8, 8 € KSSO(4L, X). Hence, we get desired.

O

Example 5.12. Let A = {Y,Q, ¥, P, T} with A/R = {{Y},
{Q,¥,®},{T'}} and X = {®, T} C A Then Sx(X) ={0,2,
{TH{Q,¥,®},{Q,¥,D,T'}}. If we consider S ={Y,Q,T'}
and §' = {¥,®}, then

b KSER(:f) = {07 {Q}7 {F}’ {‘P7¢}7 {Q,F}, {Y,Q,F},
{¥,9,T},{Q,¥,0},{Q,¥,D,T'},2A}.



o KSSO(R,%) ={0,{Q},{T},{Y,Q},{Y,T'},{¥,d},
{Q,T}HAY,QT}H{Y,9,T}{Q,¥,®},{Q,¥, 0T},
{Y,Q,¥,®},{Y,¥,&,I'},A}.

o KSPO(,X) = {0,{Q},{T}, {¥},{®},{¥,®},{Q,
I} {Q, ¥}, {Q, @}, {®,I'},{Q, ¥, '}, {Q,@,I'} {T,
QT}{Y,Q¥ I} {Y,QdT}{¥erI},{QY a0}
{Q, ¥, @.T}, 2

Remark 5.13.

e KSPO(U,X) Z KSSO(M,%). In example 5.12 {®} is
in KSPO(3, X) but not in KSSO(L, X).

e KSPO(LU,X) 2 KSSO(W, X). In example 5.12 {Y,Q}
is in KSSO(U, X) but not in KSPO(2,X).

6. Kasaj-continuous functions

We first define Kasaj-continuous (KS-continuous) func-
tions.

Definition 6.1. Ler (2,3 (X),KS%(X)) and (0,3 (),
KS%/(2)) be two Kasaj topological spaces and X C 2 and
) CB. Then f : A — U is Kasaj-continuous (KS-continuous)
function if f~1(D) € KSg(X) whenever D € KSx(2).

Theorem 6.2. Let (A, Sx(X),KSx (X)) and (0,Sw (D),
KS%/(2)) be two Kasaj topological spaces and X C 2 and
D CU. Then f: A — U is KS-continuous function if and
only if f~1(D) € KSCL(X) whenever D € KSCL(2)).

Proof. Let, f: 2 — U is KS-continuous function and D €
KSCL(2). Then D¢ € KS(2)). By hypothesis f~!(D¢) €

KSx(X),ie. [f~1(D)]° € KSx(X) . Hence f~!(D) € KSCL(X)

whenever D € KSCL(9)).

Conversely suppose [f~!(D)]¢ € KSg(X) whenever D €
KSCL()). Let D € KS%(2) then D¢ € KSCL(Q)). By as-
sumption f~!(D°) € KSCL(X). i.e. [f~'(D)]° € KSCL(X).
Then f~!(D) € KSx(X). Hence f is KS-continuous. O

Definition 6.3. Ler (2,35 (X),KSx(X)) and (0,3x (D),
KS%/(2)) be two Kasaj topological spaces and X C 2 and
D C Y. Then f: A — U is KS-pre-continuous function if
f~Y(D) € KSPCL(, X) whenever D € KSCL()).

Theorem 6.4. Every KS-continuous function is KS-pre- con-
tinuous function.

Proof. Let f: A — U be a KS-continuous function, i.e. f~!(D)
€ KSCL(X) whenever D € KSCL(2)). By Theorem 4.2, There-
fore f~!(D) € KSPCL(2, X) for all D € KSCL(Y)). Hence,
f is KS-pre-continuous function. U

Definition 6.5. Ler (A, 3% (X),KSx (X)) and (0,3x (),
KS%(9)) be two Kasaj topological spaces and X C 2 and
D C Y. Then [ : A — U is KS-semi-continuous function if
f~Y(D) € KSSCL(, X) whenever D € KSCL(Y)).

Theorem 6.6. Every KS-continuous function is KS- semi-
continuous function.
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Proof. Let f: A — U be a KS-continuous function, i.e. f~!(D)
€ KSCL(X) whenever D € KSCL(Y ). By Theorem 5.2, There-
fore f~1(D) € KSSCL(2,X) for all D € KSCL(Y)). Hence, f
is KS-semi-continuous function. O

Conclusion

In this paper, some of the properties of these new classes are
discussed and we get the following inversion :

KSPO(,X) 2 KSx(X) C KSSO(2A, X)

we have shown that none of implication is reversible. This
shall be extended in future research with some applications.
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