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1. Introduction

For standard terminology and notations in graph theory we follow West
[1] while the terms related to algebra are used in sense of Lang [2]. We
denote the complement of graph G by G, the complete graph on p vertices
by K, , the null graph by K,,. The join of G; and Gy is a graph G = G1VG»
with vertex set V(G1) UV (G2) and an edge set consisting of all the edges
of G1 and G2 together with the edges joining each vertex of G with every
vertex of Ga. The line graph L(G) of a graph G is the graph whose vertex
set is E(G) and two vertices are adjacent in L(G) whenever they are incident
in G.

Let G be a connected undirected simple graph with vertex set V(G) =
{v1,v2, -+, v, }. The adjacency matriz denoted by A(G) of G is defined to
be A(G) = [a;j], such that, a;; = 1if v; is adjacent with v;, and 0 otherwise.

Let A1, Ag,- -+ A, be eigenvalues of A(G). These eigenvalues form the
spectrum G, which is denoted by spec(G). The energy of the graph G,
denoted by E(G), is defined as

BG) = 3N

The concept of energy of graph was introduced by Gutman [5] in 1978.
A brief account on energy of graph can be found in Cvetkovic [3] and Li
[4].

The energy of complete graph K, is defined to be 2(n — 1). The graphs
of order n, whose energy exceeds than the energy of the complete graph
K, are called hyperenergetic graphs otherwise the graphs of order n with
E(G) < E(K,), are called non-hyperenergetic. A curious question is: Are
there graphs whose energy is equal to that of K,,? The search to answer
this question provides the reason for initiation of a new concept.

Recently, Gong et al. [6] proposed the concept of borderenergetic
graphs, according to him graphs of order n for which E(G) = 2(n — 1)
are called borderenergetic graphs. Obviously, the complete graphs K, are
borderenergetic. Hence, we are interested only in non complete borderener-
getic graphs. Gong et al. [6] have proved that there exist no borderenergetic
graph of order less than 7. The following results were obtained by computer
aided search

e There exist a unique borderenergetic graphs of order 7 [6].
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There are exactly 6 non-isomorphic borderenergetic graphs of order
8 [6].

e There are exactly 17 non isomorphic borderenergetic graphs of order
9 [6].

There are exactly 49 borderenergetic graphs of order 10 [7].

There are exactly 158 borderenergetic graphs of order 11 [8] , of which
157 are connected.

e There are exactly 572 connected borderenergetic graphs of order 12
[9].

We pose the following problem :

How to obtain a larger borderenergetic graph from a given
borderenergetic graph?

To answer this question, let us understand the sequence of complete
graph Q = {K;, Ky,---, Ky, -} . The graph K,, can be viewed as K, =
K, 1V Kj as shown in following figure

e ® v “o

Ky Ko =K;vEK; Ki=Ksv Ky

Figure 1: Sequence of Complete Graphs K,

As the Borderenergetic graphs have the same energies as the complete
graphs, then natural quest is : Can we employ the same logic for the
construction of new borderenergetic graph from the given one? We got an
affirmative answer of this question and obtain some infinite sequences of
borderenergetic graphs.

Proposition 1.1. [3] If Gy is m regular with n; vertices and Gy is T2
regular with ng vertices then the characteristic polynomial of the join G1 V
G is given by

¢(G1,7) (G2, o)

HG1V Ga,w) = (x —r1)(z —19)

((z —r1)(z —12) —nan2)
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2. Main Results

Theorem 2.1. Let G be r— regular borderenergetic graph with n vertices
then for p # 0, GV Kp is borderenergetic if and only if p =mn — r.

Proof: Let r = A1, Ao, - -+ A\, be the eigenvalues of G. As G is borderener-
getic of n— vertices, F(G) = 2(n — 1) which imply that

(2.1) d il=2n—-2-r
1=2

By Proposition 1.1, the characteristic polynomial of G \/Fp is given by
H(GVEy) =2z —Xo)(x = A3) - (& — Xi) (2 — rz — np)

Let a1 and oo are roots of polynomial 22 —rz —np. It is easy to observe
that a1 and ag are of opposite sign. With out loss of generality we assume
that

ap > O, as <0

Also,
(2.2) o top=r
(2‘3) a1.009 = —Np
Here,
N T VT W
spec(G\/Kp>—<p_1 1 1 --- 1 1 1
Hence,
E(GVEK,) =XYis|\l+ o] + |az|

=Nl a1 —ag

If GV K, is borderenergetic then

E(GVEK,) =2n+p—1)
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n
@041—042:2n+2p—1—2]/\i\

i=2
(2.4) Sar—a=2n+2p—-2-2n+2+r=2p+r
By (2.2) and (2.4)
o) =p+r
Q2 = —p
By (2.3)
a1.009 = —np
< plp+r) =np
spt-pn—1) =0
Sp =n-—r

3. Sequence of Borderenergetic Graphs

In this section we construct an infinite sequence of borderenergetic graphs.
To construct the sequence we take any r— regular borderenergetic graphs
of order n as our base graphs and then the sequence is obtained by joining
n — r vertices at each iteration.

Let G is any r— regular borderenergetic graphs of order n. Consider
an infinite sequence of graphs G = {G(® G ... G®¥) ...} such that each
G®), of order n + k(n — r), satisfies

Using the fact that , If G is r1— regular with n; vertices and Gg is ro—
regular with nsy vertices such that r{ +n9 = r9 +n; then G; V G5 is regular
of degree 11 + ny = r9 + n1. We assert that, G® is r + k(n — r) regular
graph for any k > 1.

Lemma 3.1. Let GO ber regular graph with eigenvaluesr = A1, Aa, -+, Ap
then for any G®) e G, k > 1, the spectrum of G*) is


rvidal
Cuadro de texto
841


842 S. K. Vaidya and K. M. Popat

(k)) = 0 Az Az A 7’+k(n—r) —-n—+r
spec(G >_<k(n_1~_1) 1 1 - 1 1 .

Proof: We prove this result by taking induction on k. From Theorem 2.1,
it is clear that result is true for k = 1.

Assume by mathematical induction that the result is true for k = s — 1.
Then by induction hypothesis

(s—1)Y = 0 A2 A3 - Ay rH(s—1)(n—r) —n+r
spec (G >‘<<s—1><n—r—1> L1 | i1

For k= s, G® = GG~ v K, _, . From Proposition 1.1,
¢(G(s)’ x) — x(s—l)(n—r—l)—f—(n—r—l)(x _ /\2)(x _ /\3) L. (x _ )\n)(x +n— T)s—l

(2= (r+(s=Dn—r)z—(n+(s=1)(n—7))(n—r1)]
=25 D — X)) (= N3) - (@ = M) (@ — 7 —s(n—7))(z+n—r)°

Therefore,
()] _ 0 A2 Az o Ay THs(n—r) —n+r
Spec(G ) (s(n—r—l) 1 1 - 1 1 s
Thus the result is true in this case as well hence by induction the result
follows.

Theorem 3.2. For eachr > 1, G*) is non co-spectral and borderenergetic
graphs with K, p(n—r)-

Proof: Clearly G, and Ky 4 k(n—r) are non co-spectral.

E(GW) =31\ +r+k(n—r)+k(n—r)
=2n—2—r+r+2k(n—r)
= 2(” + k(n - T) - 1) = E(Kn-&—k(n—r))

4. Sequences of Some Known Regular Borderenergetic Graphs

In this section we construct three infinite class of regular borderenergetic
graphs H; = {HZ-(O),HZ-(I), . -,Hi(k), <.} € G for i = 1,2,3 by taking some
known regular borderenergetic graphs as base graph.
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4.1. The class H;

Consider H §0):Line graph of complete bipartite graph K33 which 4 regular

graph with 9 vertices

Figure 2: Line graph K,

4 -2 1
spec<H£°>>=(1 4 4>,E<H£°>>=16

and thus it is borderenergetic with Kg. Consider an infinite sequence or

borderenergetic graphs
Hy = {HF))? HF)? H£2)7 T 7H1(k)7 e }
such that

HY =HOVE;, H? =HV VK, HY = HPVE; -

The parameters n,r, IZ of the sequence of borderenergetic graphs are
depicted in follwoing Table 1

| & | n | r | spectra | E(G) | Borderenergetic With |
H” 9|4 41 -2yt 14 16 Ko

HY=HYvE[14]| 0 | 04 (-2 140 (-5 | 286 K

HY =P vE: 19|14 ] 08 (=2)4, 14,141, (=52 | 36 Ko

HY —HF wE; (2419 [ 012, (—2)%, 14,191, (-5 | 46 K

HY =Y vE; | 20|24 0%, (—2)¢,1¢ 241 (—5)¢ | 56 Ko

HY = Y wE (3420 [ 020, (—2)%, 14,201 (5% | &6 Ka
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4.2. The class Hs

Consider HQ(O):Line graph of Petersen graph which is 4 regular graph
with 15 vertices

Figure 3: Line graph of Petersen Graph

As discussed in Gong et al. [6], the spectrum of the line graph of the
Petersen graph is

4 -1 2 =2
spec(HQ(O))—<1 415 5 >E(H2(O))_28

and thus it is borderenergetic. Consider an infinite sequence or borderen-
ergetic graphs
0 1 2 k
Hy = {HO, H®M B ... B

such that

Hz(l) _ HQ(O) v, H§2) _ Hél) v H2(3) _ H2(2) VEy -

The parameters n,r, E of this sequence of borderenergetic graphs are
depicted in following Table 1

Table 1
& | mn | r | apectra |E{G}| Borderenergetic With
HM 15| 4 4t (14,25 (—2)° 28 Kus
HY = Y Ry |26 (15| 0%, (=14, 28 (—2)%, 15Y, (-1t | 50 Kag
HY = HIY Ry |37 26 | 09, (=194, 25, (—2%, 261, (—11)2 | 72 Fyr
HY = B Ry |48 [ar| 0%, (=14 28 (—2)%, a7t (—119® | o4 Ky
HY = B Ry | 50| 48 | 090, (—1)4, 25 (—2)% 481, (—1134| 116 K
L=2)8, 500 (—11)% | 13s Kr

HY = B v T |70 | 50 | 07, (—1)4, 2°



Marisol Martínez
fig-3

Marisol Martínez
table-1


rvidal
Cuadro de texto
844


Construction of sequences of Borderenergetic graphs 845

Definition 4.1. The extended shadow graph D3(G) of a connected graph
G is constructed by taking two copies of G say G' and G”. Join each vertex
u' in G’ to the neighbours of the corresponding vertex u” and with u” in
G".

Proposition 4.2. [10] Let G be a graph with eigenvalues A1, Aa, -+, An
then the eigenvalues of D3(G) are 2\; + 1, (1 < i <n), (—1) (2n times).

4.3. The class Hjs

Consider Hz,()o) = D3 (K, ) which is 2n + 1 regular graph with 2n ver-
tices.

spec(H?E”))—<2”1“ —2nl+1 1 —1>E(

Figure 4: Dj(K33)

and thus it is borderenergetic with Ky,. Consider an infinite sequence or
borderenergetic graphs

Hs = {H3(0),H§1),H§2), . ,Hék), )
such that
HY = B vy 1, HP = HO vE, 1, HY = H® vEe 1 -

The parameters n,r, E of this sequence of borderenergetic graphs are
depicted in follwoing Table 3
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Table 2
& | n | r | apectra | Ef&) | Borderenengetic With
HPY dn | Im+1 @+ 04 (—2n+ 194,12, (-1 fn—12 Kin
HM =" wEy| 6n-1| 4n 072 (a4 1)%, 172, (=11, (dn)t 12n—4 Koy
HY —gMwFs| sn—2 | fn—1 | 0% [—on 418,122 (1), (fn — 1)} | 16n—6 Kena
HY =P wEe | 1m—3| 8n—2 | 0% (—2n+ 1) 1% (1) (8n - 2)' | 20n-3a Kin_3
HY =AM wFy | 120 — 4| 100 — 3 | B2 (_2n 4 1)5 1202 (1™ (10n — 2)! | 24n — 10 Kigay
HF = gy | 1dn -5 120 — 4 | 010 {_a3p 4 1) 122 {—1)™ {120 — 4)" | 280 — 12 Kitns

5. Concluding Remarks

The survey of the existing literature on graph energy reveals that only
handful graphs are proved to be borderenergetic graphs while we have con-
structed an infinite sequence of such graphs. This work will certainly add
a new dimension in the field of graph energy.
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